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Chapter 1

Vector Valued Functions f : R — R”

1.1 Review

1.1.1 Basics

Definition 1.1.1: Notation

Drawn Vectors: 0
Typed Vectors: v

Definition 1.1.2: Velocity

Magnitude of the velocity: |7
Direction of the velocity: dir(7)

Definition 1.1.3: Heads and Tails

Head

Vectopo

Tail

Scalar is like a 1 directional vector, either positive or negative, and its magnitude is the absolute value of the
scalar




1.1.2 Notation

Definition 1.1.4: Positive y axis

y

Positive y-axis

Origin

Definition 1.1.5: Standard Basis Vecotrs

In an n-dimensional space R", the standard basis vectors are a set of n vectors where each vector has a 1
in one component and 0 in all other components. These vectors are denoted as e; for i =1,2,...,n.
The i-th standard basis vector in R" is written as:

=11 (in the i-th position)

0

For example, in R? (three-dimensional space), the standard basis vectors are:

1 0 0
9120, 62:1, 63:0.
0 0 1

These vectors span the entire vector space R”, meaning any vector v.€ R" can be written as a linear
combination of the standard basis vectors:

vV =01€1 + Vg€ +---+0yu€y,

where v1, 0, ...,0, are the components of the vector v.




1.2 Operations

1.2.1 Dot Product

Definition 1.2.1: Dot (Scalar)Product Definitons

The scalar product (or dot product) of two vectors a and b in R” is defined as:

a-b=a1by +axby+---+a,b,

a by
In R3, for vectors a = | a3 | and b = [ by |, the dot product is:
as b3

a-b= a1b1 alx ﬂgbg r a3b3

The dot product can also be expressed in terms of the magnitudes of a and b and the angle 6 between

them:
a-b =|a||b| cos 6

The dot product is a scalar quantity and is zero when the vectors are orthogonal (perpendicular).
Useful to find the angle between the two vectors being dot produced together,

Theorem 1.2.1 Dot Product Proof

We are given the vectors ¥ and @, and we want to express the dot product in terms of their magnitudes
and the angle between them.

Start with the relationship:

K
I
QL
|
IS

QU
oy,
Y]
1l
Q
|
ISY)

w

The above diagram illustrates the vectors ¥, @, and their difference ¥ = ¥ — @, forming a triangle. The
angle 0 is between ¥ and W.
The magnitude squared of X is:

|72 = 3|2 + |@|2 - 2/3]|@] cos O

This is the expansion of the law of cosines.
Now, from the equation:

2

1717 = 2/ (@x — we + (0, ~wy)?)

We conclude:

%% = |3]” + |@° - 23 - ©)

Thus, we can express the dot product 7 - @ as:

7w = |7||W| cos O

6



1.2.2 Applications

The dot product of two vectors o - @ can take different values, leading to various interpretations of the
relationship between the vectors. Below is a table describing some key cases:

Dot Product Value | Interpretation Relationship Between Vectors
7-w=0 cos0 =0 Vectors are perpendicular (orthogonal), 6 = 90°
-1 >0 0<6<90° Vectors form an acute angle, pointing in the same general dire¢tion
v-w <0 90° < 6 < 180° | Vectors form an obtuse angle, pointing in opposite general dire¢tions
7w = |7||D cosO =1 Vectors are parallel and point in the same direction, 0 = ()°
0w = —|o||w] cosO = -1 Vectors are parallel but point in opposite directions, 6 = 180°

Definition 1.2.2: Vector Product (Cross Product)

The vector product (or cross product) of two vectors a and b in R? is a vector ¢ that is perpendicular
to both a and b, and its magnitude is given by:

|c| =|axb| = |a||b| sin O

where 0 is the angle between a and b. The cross product is calculated as:

A ~ A

toj k \ . .
axXb= a, 4ao das|= (ﬂ2b3 —a3b2)i—(ﬂlb3 —a3b1)j+(a1b2—a2b1)k
b1 by b3

The result of a cross product is a vector perpendicular to the plane formed by a and b, with a direction
given by the right-hand rule.

Definition 1.2.3: Vector Projections

proj,u

w
scalyu = |u| - cos @ = ——

|l

proj,u = |u| cos 6 (1)
[wl

. w-u
proj,u = (—)W
w-w




1.3 Matrix Determinants

Definition 1.3.1: Matrix Representation

A matrix is a collection of numbers arranged in a grid format, where each element is positioned based on
its row and column. A general m X n matrix is written as:

a1 412 o i
az1 a4z - dop
M = .
Am1  Am2 Amn
For example, a 2 X 2 matrix is given by:
a b
A 3 X 3 matrix is:
a b c
M=|d e f
g h i

Matrices can be considered as a collection of vectors where each row or column can represent a vector.

Vector Representation
A matrix can also be viewed as a collection of vectors. For instance, a 3 X 3 matrix can be interpreted as:

171 = <a/brc>
M: 7)-)2 =<d,€,f>
-)3 = <g/h/l>

where each row (or column) is treated as a vector in space.

Definition 1.3.2: Determinant of a 2 X 2 Matrix

The determinant of a 2 X 2 matrix is given by:

b

a
det(M) = det (c J

):ad—bc

The determinant represents the signed area of the parallelogram formed by the vectors corresponding to
the rows (or columns) of the matrix.

7

- - /

- /
U = <C/I/d>’ //

Z | det(M)]

//171 = <al b>

.

Geometric Interpretation

For a 2 X 2 matrix, the determinant represents the area A of the parallelogram formed by the two vectors
01 = {a,b) and v5 = (¢, d). The magnitude of the determinant gives the area of this parallelogram, and the sign
of the determinant indicates the orientation (whether the vectors are ordered clockwise or counterclockwise).




Definition 1.3.3: Determinant of a 3 X 3 Matrix

The determinant of a 3 X 3 matrix is calculated as:

a b c
det(M) =det|d e f|=adet (; f)—bdet (d f)+cdet (d Z)
g h i ! g ! 8

The determinant represents the signed volume of the parallelepiped formed by the three vectors corre-
sponding to the rows (or columns) of the matrix.

v2 =(d,e, f)

v3 =

Geometric Interpretation for 3 X 3
In the 3 X 3 case, the determinant represents the volume V of the parallelepiped formed by three vectors

01, 0a, U3, and the sign indicates whether the orientation is right-handed or left-handed. The magnitude gives

the volume.

1.4 Matrix multiplication with 2D Vectors

Definition 1.4.1: Vector Matrix Multiplication

M = (a1 Vi + a1aVa, a1 Vi + azaVa)

Given:

1=(1,0) j=¢0,1)

We can compute:
iM = (a1, a12) = a;

jM = (as1, ag2) = as

Where: A A
V=Vi+ V2]

VM = (V1?+ sz') M
= ViiM + VojM

= Via; + Vsas




1.4.1 Effect on Area

Definition 1.4.2: 2D

The original point (1,1) is transformed by the matrix M. This transformation impacts the area and
orientation as follows:

M = (6111 6112)

The area after transformation is given by the determinant of the matrix:
Area = det(M)
Where the determinant is calculated as:
det(M) = ai1a22 — a12a21
The determinant also determines the orientation:

A if a1 to aq is counterclockwise
—A otherwise

det(M) = {

In the example, the original vectors a; and a5 form an area, and the determinant will tell us if the vectors
are oriented in a clockwise or counterclockwise fashion.
If the determinant is negative, the orientation is clockwise, as illustrated:

det ((a1 a2)) <0

Thus, in this case, the transformation results in a clockwise orientation.
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1.5 Matrix multiplication with 3D Vectors

Definition 1.5.1: 3D

The matrix M for a 3D transformation is given as:

a1 diz 413 R
M =|ax az as3| where V =(Vi, V5, V3)
az1 dz2 Aa33

The transformation of vector V under matrix M is:
VM = {(a11V1 + a12Va + a13V3), (a21 V1 + a22Vo + a23Vs), (431 V1 + a3 Vo + as3Vs))
This can be written in terms of the basis vectors as:

(Vlf + ng + ng) M = Vlﬁl + VQZ{Q + Vgag

Definition 1.5.2: orientation and Volume

- If the determinant of matrix M is negative, the system is **left-handed**, i.e.,

det(M) = -V

*3%k k%

- The determinant of the matrix M gives the **volume™* of the parallelepiped spanned by the vectors

ai,az,as:

det(M) = Volume(V)
The volume V is given by:

7 +V if 4y, d,,d3 are right-handed (RHS)
" |-V otherwise (left-handed)

1.6 Cross Product and Volumes

Definition 1.6.1: Cross Product and Volumes

The volume of a parallelepiped defined by three vectors #,7, W is given by:

V=il @xd)

11



1.6.1 Link to Matrix Determinants
Definition 1.6.2: Cross Product and Matrix Determinants

Since:
i (@x@)=det (i@ 7 D)
Uy Uz Uus
v v v v v
det| v1  ©v2 03 |=u;det 2 3 — ug det ! 3 + ug det ! 2
wo w 3 w wo
wy Wz W3
- [~ % N4 v ~ v %
— 17172 3 -J 1 3l L g1 2
W2 W3 w1 W3 wy, Wa
i ]k
=1 -det 01 U2 U3
w1 wy ws
=1-(0xXW)
Therefore:
ik
DX W = det U1 Uy U3
w1 Wo W3

1.7 Cross Product Polynomial Multiplication

Definition 1.7.1: Properties
i X

i=k, jxk=i kxi=j
jxi=-k, ixi=jxj=kxk=0

Example 1.7.1 (Example: Cross Product)
Let 3 =27 —j — 3k and @ = 1 + ] + k. The cross product 3 X @ is computed as:

6@ = (2= - 3k) x (P +] + )

xi-3kx]—3kxk

=

Expanding the cross product term by term:
=2 X1 +21x]+2ixk—jxi-jxj—jxk-3

Using the cross product identities:
=0+2k+2(-)) - (k) +0-71-3]+31+0
Combining like terms:

= (31 — 1) + (2] — 37) + (2k + F)

=21 - 5] +3k

Thus, the final result is:



1.8 Torque

Definition 1.8.1: Torque and Angular Momentum

Continue with Torque

1.9 Parametric Equations

Definition 1.9.1: Parametric Equations

A parametric equation expresses a set of quantities as explicit functions of an independent parameter. In
a two-dimensional case, a parametric equation for a curve can be represented as:

(x, y>t = (f(t)r g(t»

and in three dimensions as:

(x,y,2)t = (1), 8(£), h(t))

For example, consider the curve in the plane given by the equation y = f(x) = x>+ 1. This describes a parabola
in Cartesian coordinates.

Theorem 1.9.1 Parametric unit circle in Cartesian coordinates
A unit circle in parametric form can be represented as:
x2+y?=1

which corresponds to the parametric equations:

(x, y)yt = (cos(t), sin(t))

1.9.1 Examples

The parametric equation:
(x, y)t = (4dcos(t), 3sin(t))
At specific values of ¢, we can compute the points:
t=0 = (4,0)

Tt

t=—

5 = (0, 3)

t=n = (-4,0)
3m

t = 7 - (0,—3>

Definition 1.9.2: Parametric for a Helix

(x(t), y(t),z(t)) = (4dcos(t), 3sin(t),0.1t)

13



Figure 1.1: 3D plot of a parametric helix.

Theorem 1.9.2 Parametric Equation of a Line

The parametric equation of a line can be expressed as:
(x,y,z)t = OP + Vit
Where:
e OP = (xo, Yo, zo) is the position vector to the initial point P,

e V =(vy,vy,0;) is the direction vector of the line.

Question 1: 3D Parametric Equation of a Line

e OP = (1,2,3) is the position vector to the initial point P,
e V =(1,1,1) is the direction vector of the line.

Thus, the parametric equation of the line becomes:

(x(®), y(t),z(t)) =(1,2,3) + £(1,1,1)
x(t)=1+¢t, y(t)=2+t, z(t)=3+t

Or simply:
(x,y,z)t =(1+t,2+t,3+1¢)

Solution:

14
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Figure 1.2: 3D plot of a parametric line with vector OP and points.

1.10 Distance from a Point to a Line

Definition 1.10.1: Parametric Equation of the Line

The line is represented by:

1=0P +1tV

Where:

e OP is the position vector of a point on the line,

e V is the direction vector of the line.

Theorem 1.10.1 Distance from a Point to a Line
The distance d from a point Q to the line [ is given by:

_ [V xPQ|

d
IVl

Where:
e PQ is the vector from point P on the line to the point Q,

e V X PQ is the cross product of the direction vector V and the vector PQ.

1.10.1 Example

Question 2: Find the distance from the point Q = (3,4,0) to the line ! given by the parametric equation

1=(t,1,2t) =(0,1,0) + £(1,0,2)

with point P = (0, 1,0) and direction vector V =(1,0, 2).

Solution: The vector PQ from P = (0,1,0) to Q = (3,4,0) is:
PQ = <3/ 4/ O> - <O/ 1/ O> = <3/ 3/ 0>

15



Now, we compute the cross product V X PQ:

VxPQ= =1(0-6) — j(0 - 6) + k(3 = 0) = (~6, -6, 3)

= e

j
0
3

LW = =y

Next, calculate the magnitude of the cross product:

IVXPQ| =+(-6)2+(-6)2+32=V36+36+9=V81=9

The magnitude of the direction vector V is:

V| =VI2+02+22=V1+4=5

Finally, the distance d is:

9 95

VA

1.11 Intersection of Two Parametric Lines

Definition 1.11.1: Intersection of Parametric Lines

To find the intersection point of two parametric lines, we need to equate their parametric equations and
solve for the parameters.

Question 3: Find the intersection of the lines [; and [ given by the parametric equations

I =(x,y)(t) =(0,1) + t(1,0)
Iy =(1,1) +s(=2,1)

Solution: Equating the two parametric equations:
(O/ 1) + t<110> = <1/ 1> + S<_2/ 1>

This gives the system of equations:

0+t=1-2s
1+0=1+s
From the second equation, we find:
s=0
Substitute s = 0 into the first equation:
t=1

Thus, the lines intersect when t =1 and s = 0.
The intersection point is:
<Or 1) +1- <110> = <1/ 1>

Therefore, the lines intersect at (1,1).

1.12 Planes

Definition 1.12.1: Plane Equation

Given a point Py = (X0, Yo, zo) on the plane and a normal vector 71 = (a, b, c), the equation of the plane
can be expressed as:

a(x —xo) +b(y —yo) +c(z—29) =0

16



Vector Form
Alternatively, the plane equation can also be derived using the dot product form:

J— N
PQ-n=0

Where P = (X9, Yo,z0) and Q = (x,y,z). This leads to the scalar equation of the plane.

Theorem 1.12.1 Equation of a Plane

If a plane passes through the point Py = (X0, Yo, Zo) and has a normal vector # = (a,b, c), the equation of
the plane is:

a(x —x0) +b(y —yo) +c(z —20) =0

Question 4: Example

Given the point Py = (1, -2,3) and the normal vector 71 = (-2, -4, —6), find the equation of the plane.

Solution: Using the plane equation a(x — x¢) + b(y — yo) + c(z — z¢) = 0, substitute a = =2, b = -4, ¢ = -6, and
Py = (1,-2,3):
“2(x-1)-4(y+2)-6(z-3)=0

Expanding this equation:
—2x+2-4y—-8-62+18=0

Simplifying:
—2x—4y—-6z+12=0

Or:
2x +4y + 6z =12

1.13 Vector Valued Functions

Definition 1.13.1: Parametric Curves

A parametric curve is defined as:

(1) = (x(8), y(#), z(1)) = (f (1), h(t), g(£))

where t is a real number as input, and the output is a vector.

Question 5: Example

Let 7(t) = (t2,t + 1, Vt — 2). Determine the domain of 7(t).

Solution: The domain of 7(t) is t > 2.

Definition 1.13.2: Limits of Vector Functions

The limit of a vector function 7(t) as t — a can be visualized geometrically as the vector approaching a
point L. If the magnitude of the difference between L and 7(t) approaches zero, we can define:

lim7(t) =L if lim|L—7(t) =0
t—a t—a




I 7(ts)

7(tn) >
x %tl) ()
L

Component-wise Limits
The limit of a vector function can be evaluated by taking the limit of each of its components:

lim 7(t) = (lim x(¢), lim y(#), lim z(#))

Question 6: Example

Consider the vector function 7(t) = (%, t,t—2), ast — —1.

Solution: The limits of each component as t — —1 are:

Jlim 7(t) = (0,~1,~3)

18



1.14 Calculus and Vector Valued Functions
1.14.1 Derivative

Theorem 1.14.1 Derivative of vector functions

Consider the vector-valued function in 3D:

(1) = (f (1), g(t), h(t))

where f(t), g(t), and h(t) are differentiable functions. The derivative of 7(t) is defined as:

P(t) = }lli% r(t + h}z —7(t)

Expanding 7(t + h) — 7(t):
F(t+h) —7(t) = (f(t + h), g(t + ), h(t + h)) = (f(t), g(t), h(t))

This gives us:
F(t+ 1) = 7(t) = (f(t + h) = f(t), g(t + h) — g(t), h(t + h) = h(t))

Thus, the derivative becomes:

() = I ft+h) = f(t) g(t+h)—g(t) h(t+h)— h(t)
B hli)I(l) h 4 I ’ i

Since f(f), g(t), and h(t) are differentiable, we apply the definition of derivatives for each component:

o fErR) = f() g+ h)—g(t)  h(t+h)—h()
’(t)‘@% e n ey T >

7'(t) = (f'(t), g'(t), K'(t))

Therefore, the derivative of the vector-valued function 7(t) in 3D is:

F(t) = (F(), '(t), (1))

Definition 1.14.1: Vector Representation

Let 7(t) be a vector-valued function that describes the position of a particle over time ¢:

F(t) = (x(t), y(#), z(1))

where x(t), y(t), z(t) are differentiable functions. The following terms describe important properties of the
function:

1. Position at time t: 7(t)
2. Velocity (tangent vector) 7/(t) = (x’(t), y'(t), z’(t))
3. Speed |7(t)|, the magnitude of the velocity.

4. Acceleration 7”(t) = (x”(t), y"(t), z"(t))

19



Definition 1.14.2: Unit Tangent Vector

The unit tangent vector is given by:
a 7(t
)= 20
()]

This is the unit vector in the direction of the velocity vector 7/(t), which represents the direction of motion.

Question 7: Example

Consider the following vector-valued function:
) ={(1+1t2,2+1t2,3+1t2)

Taking the derivative:
7(t) = (2t,2t,2t)

This describes a line with a constant acceleration:

(1) = (2,2,2)

Velocity 7/(t)

T

7(t)

=3
Acceleration 7" (t)

20



Definition 1.14.3: Derivatives of Parametric Curves in terms of ¢

Given a parametric curve defined by:
x=f(t), y=g@)

where f is the parameter, we want to find the derivative Z—Z, which represents the slope of the tangent to
the curve at any point .
Step 1: Finding the Derivatives of x and y with respect to t To find Z—Z, we need to find both ‘Zl—’t‘
and % These are given by: ]

dx , Y
—=f'(t), —=¢(t

Step 2: Using the Chain Rule The derivative Z—Z can be found by using the chain rule as follows:

dy
dy _a
d
dx &
Substituting the expressions for i—’t‘ and %, we obtain:
dy _g'(t)
dx — fr(t)

Step 3: Simplifying the Result The expression Z—Z provides the slope of the curve at any point ¢ in
terms of the parameter.

Example 1.14.1 (Consider the parametric equations:)

x =6sint, y =6cost

To find Z—Z, we calculate the derivatives with respect to f:

dx dy
i 6cost, I

= —6sint

Then, we apply the formula:
d_y _ ,% _ —6sint
dx Cé_ﬂtf ~ 6cost

Simplifying the expression:

dy

—~ = —tant

Ix an

Therefore, the slope of the tangent line to the parametric curve at any point f is:

dy

—~ = —tant

Ix an

Definition 1.14.4: Chain Rule Derivation
dy
dy dy dx dy g dy du

A dx ~ dr > @
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Question 8: Example

Slope of
7(t) = {cos(t), sin(t))
Att =%
Solution:
b4 1 (TN V3
w(3)=3 n(3)=F
7(t) = (—sin(t), cos(t))
Attt =3:

Slope Calculation

Vector Notation

1.14.2 Chain Rule

Definition 1.14.5: Chain Rule for VV

Let ¢ : R — R and 7(t) be a vector function. The derivative of the composition of functions is:

d = (2 >/
8T = g'(F (1) - 7'(1)

where ¢’(7(t)) is the derivative of ¢ with respect to the vector function 7(t) and 7'(t) is the derivative of
the vector function 7(t) with respect to t. This rule is useful for differentiating scalar functions composed

with vector-valued functions.

Question 9: Example

7(t) = (cos® t, =3t + cos® t) = F(g(t))
y=cost, 7=(t?,-3t3t%)

¢’ =—sint, 7=(2t3t%)

Thus, the derivative is:
3(0) = 4 (SGOF() = g0 Hg(t)

= —sint - (2cost,3cos t)
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1.14.3 Product Rule

Definition 1.14.6: Product rule for VV

Let ¢(f): R > R, 7(t) : R > R”, and 5(t) : R = R" be vector functions. Then, the product rule is:

% (g(OF(1)) = g'(H)F(E) + g(£)F(t)

For vector dot products:

L (7(1)-30) = 7(0)-30) +7(0) - 50

For vector cross products:

% (F(t) x 3(t)) = 7/(t) x S(t) + 7(t) x 3 (t)

1.14.4 Integrals

Definition 1.14.7: Integral of Vector-Valued Functions

Let 7(t) : [a,b] — R" be a continuous vector-valued function. The definite integral of 7(t) over the interval

[a,b] is defined as:
b b b b
/ F(t)dt:(/ rl(t)dt,/ r2(t)dt,...,/ () dt)

where 7(t) = (r1(t), 2(t), ..., r,(t)). This means that the integral of a vector-valued function is the vector
whose components are the integrals of the respective component functions.
For example, if 7(t) = (f(t), g(t), h(t)), then:

‘/a‘b?(t)dt =(‘/ahf(t)dt,/ubg(t)dt,‘/abh(t)dt)

This can be extended to cases where 7(t) represents the position of a particle over time, and the integral
represents the net displacement of the particle over the interval [a, b].

Question 10: Find the integral of the vector-valued function

Calculate the integral of the vector-valued function 7(t) = (t2,sint,e') over the interval ¢ € [0, 1].

Solution:
The vector-valued function is given as:

7(t) = (t2,sint,e")

We can integrate each component of the vector separately over the interval [0, 1]:

1 1 1 1
/ 7(t)dt:</ t? dt,/ sintdt,/ el dt)
0 0 0 0

Now, solving each integral:
1. For /01 t2 dt:

/1t2dt— 51—1_3_0_3—1
0 13f, 3 3 3

2. For ['sint dt:
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1
/ sint dt = [—cost]y = —cos(1) + cos(0) = 1 — cos(1)
0

3. For /01 et dt:

Thus, the result of the integral is:

1
- 1
/ F(t)dt =(=,1—cos(1),e — 1)
O 3
Question 11: Find the position vector of a ball in 3D space

A ball is thrown from the origin with an initial velocity vector 7(0) = (1,3,5) m/s, and experiences a

constant acceleration vector d(t) = (0,0, —-10) m/s?. Find the position vector 7(t) of the ball at any time
t.

Solution:
The velocity vector 9(t) is found by integrating the acceleration vector a(t):

3(t) = /O "3(s)ds + 3(0)

Given that 4(t) = (0,0, —10), we integrate each component:

B(t) = /Ot<o, 0,-10) ds + (1,3, 5)

=(0,0,-10t) + (1,3, 5)
3(t) = (1,3,5 — 10¢)

Now, to find the position vector 7(t), we integrate the velocity vector o(t):
t
7(t) = / o(s) ds
0

t
= / (1,3,5—10s) ds
0

t
/ lds =t
0
t
/ 3ds =3t
0

t
/ (5 10s)ds = [5s — 5s°] = 5t — 5t
0

Integrating each component:
1. For the first component:

2. For the second component:

3. For the third component:

Thus, the position vector is:

7(t) = (t,3t, 5t — 5t%)
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1.15 Arc Length

The arc length of a smooth curve given by a vector-valued function can be calculated using an integral. Let the
position vector of a curve be represented as:

(1) = (f(#), g(t), h(t)),

where t is the parameter over some interval [a, b].

Definition 1.15.1: Arc Length Formula

The arc length L of the curve 7(t) over the interval [a, b] is given by:

b
L=/ [7(t)| dt,
a

where 7'(t) is the derivative of the position vector, representing the velocity vector of the curve.
To find |17’ (t)|, we use the following:

78] = N (F0)* + (/1)) + ().

Therefore, the arc length formula can be explicitly written as:

b 2 2 2
L= / VFO) + (g/0) + ) dt.

Question 12: Example: Eagle Spiraling

Consider an example where an eagle is spiraling in space, and its position at time t (in minutes) is given
by:

7(t) = (250 cos(t), 250 sin(t), 100t)  (in feet).

Solution:
To find the velocity vector, we differentiate each component of 7(t):

7'(t) = (—250sin(t), 250 cos(t), 100)  (in feet per minute).

The magnitude of the velocity vector |7’(t)| is:

|[7(#)] = V(=250sin(t))? + (250 cos(t))? + (100)2.

Simplifying, we obtain:

[F(+)| = V2502 sin?(t) + 2502 cos?(t) + 1002.
Using the Pythagorean identity sin?(t) + cos?(t) = 1, we find:

[7(t)] = V2502 + 1002 = V62500 + 10000 = V72500 ~ 269.3 (feet per minute).

Therefore, the speed of the eagle is approximately 269.3 feet per minute.

Question 13: Calculating Distance Over Time

Find the total distance over 10 minutes

Solution:
To find the total distance traveled by the eagle over a period of 10 minutes, we compute the arc length:

10 10
Distance = / |7'(t)| dt = / 269.3 dt.
0 0
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Evaluating the integral:
Distance = 269.3 - (10 — 0) = 2693 feet.

Thus, over 10 minutes, the eagle travels approximately 2693 feet.

Definition 1.15.2: Arc Length Function

The arc length function, denoted by S(t), is defined as:

S(t) = distance traveled along the curve from ¢ = 4.

It is given by the integral:
t
S(t) = / [7(s)| ds.
a

This function essentially converts the vector quantity 7(f) into a 1-dimensional scalar that measures the
total distance traveled without considering direction.

The arc length function S(t) effectively flattens the vector 7(t) into a scalar by integrating the magnitude
of the velocity vector 7/(s) over the interval [a, t].

Example 1.15.1 (Application: Reparametrization by Arc Length)
One common use of the arc length function is to reparametrize the curve so that it is traveled at unit

speed.
Given the inverse function of S(t), denoted as S~'(t), we wish to compare:

F(S7'(t) with F(t).
If S(t) is given by:
t
st = [ 7o) dp,

then S’(t) = |_”(t)|.
To differentiate 7(S'(t)), we use the chain rule:
7(S7H(H).

Ao, o1
EV(S (t))—m

Since S’(S71(t)) = |7’"(S_1(t))|7 we have:

HC0))
(51|

This shows that the derivative of 7(S7!(t)) is a unit vector, implying that 7(S~'(t)) describes the same
curve as 7(t), but at unit speed.

By reparametrizing the curve with respect to arc length, we achieve a uniform traversal of the curve at
constant unit speed. The transformation 7(S™!(t)) provides a way to describe the geometry of the curve
without the influence of varying speed.

L7570 =

Question 14: Worked Example

Consider the position of an eagle as it spirals upward over time. The position vector 7(t) is given by:
7(t) = (250 cos(t), 250 sin(t), 100t)  (in feet),

where t is in minutes.
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Step 1: Find the Speed of the Eagle

The velocity vector is obtained by differentiating the position vector:
7(t) = (—=250sin(t), 250 cos(t), 100).

The speed is the magnitude of the velocity vector:

|[7(#)] = V(=250sin(t))? + (250 cos(t))2 + 1002 = V62500 + 10000 = 269.3  (feet per minute).

Step 2: Arc Length Function S(t)

To find the arc length function S(t), which represents the distance traveled along the curve from f = 0 to
t=1t:

t
sw = [ 7o) dp.
0
Since the speed is constant:

t
S(t) =/ 269.3dp = 269.3t.
0

Thus, at time ¢, the eagle has traveled 269.3t feet.

Step 3: Reparametrize by Arc Length
The inverse of the arc length function S(t), denoted as S™1(t), is given by:

B t
571 = 269.3°

Now, to reparametrize the curve by arc length, we substitute S~!(¢) into the original position vector 7(t):

t t t
- -1 _ - 1
F(ST (1) = <25OCOS(269.3)'2508m(269.3)'100269.3>'

Interpretation

This reparametrization gives the position of the eagle as a function of the distance traveled (in feet), rather
than as a function of time. It provides a way to describe the motion of the eagle along the curve such that
the eagle is moving at a constant speed of 1 foot per unit of time.

1.16 Curvature of a Vector-Valued Function

Curvature is a measure of the ”sharpness” or ”bendiness” of a curve. For a smooth curve given by a vector-valued

function 7(¢), the curvature at a point is related to how quickly the direction of the curve is changing.

1.16.1 Osculating Circle

The concept of curvature is closely tied to the idea of an osculating circle. At any point on the curve, the
osculating circle is the circle that best approximates the curve’s curvature at that point. This circle: - Has the
same tangent as the curve 7(¢) at the point 7(fo). - Its radius is a measure of the ”tightness” of the curve’s bend

at that point.
The radius of the osculating circle is denoted as:

R(t),

where R(t) is the radius of curvature of the curve at time f.
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1.16.2 Curvature «(t)
The curvature x(t) of the curve 7(t) at the point 7(t() is defined as the reciprocal of the radius of the osculating

circle:
1

K(t) = m

A smaller radius R(t) indicates a tighter bend and thus a larger curvature x(t), whereas a larger radius corresponds

to a gentler curve and smaller curvature.
The osculating circle provides a geometric interpretation of curvature, serving as the best circular approxi-

mation to the curve at any given point. The curvature x(¢) quantifies how sharply the curve bends at that point,

with the relationship:

K(t) = %

Definition 1.16.1: Osculating Circle of a Straight Line

A straight line is a curve with no curvature. Thus, the curvature x(t) of a straight line is zero at all points.

To understand why, consider the definition of the osculating circle.
For any curve 7(t), the osculating circle at a point 7(ty) is defined as the circle that ”best fits” the curve

at that point. Mathematically, this means:

K(t) = lim change in angle
At—0  arc length

where x(t) is the curvature of the curve. However, for a straight line, the change in angle is always zero,

so:
x(t) = 0.
Since curvature is the reciprocal of the radius of the osculating circle R(t), a zero curvature implies an
infinite radius: |
R(t) = —= — oo.
(t) =~ )

Therefore, the osculating circle of a straight line is effectively a circle with infinite radius, meaning it is

”flattened” into a straight line.

\.

Diagram
Below is a diagram to illustrate the concept of the osculating circle of a straight line:

‘ Osculating circle (large radius) .

| Tangent . |
! = ® > 7 (t) 1
r(to)

The dashed arc represents the osculating circle with an infinitely large radius, approximating the straight

line at F(tg).
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To approach the concept of osculating circles for vector-valued functions, we break down the analysis into
four key points:

1. Tangent Vector at t

The tangent vector to the curve at time #( is given by:

0
[Pl

This vector is the unit tangent vector at any point on the curve.

T(t)

2. If 7(t) Describes a Circle

Suppose that 7(t) describes a circular path. In this case:
e The vector 7(t) is always parallel to the radius of the circle.

e The velocity vector #'(t) is also perpendicular to 7(t).

F(t)

Radius

3. Acceleration Vector 4(t)
For a circular path, the acceleration vector 4(t) points toward the center of the circle. Hence,
4(t) is opposite to 7(t) and directed towards the center.
This implies: _
a) L7(t), a(t) LT@®).

4. Constant Speed and Perpendicularity

Suppose that 7(t) describes a curve with constant speed:
[F'(t|=C, CeR

For both 2D and 3D, the curve will either be a circle or a sphere with a fixed radius. The velocity and
acceleration vectors, 7'(t) and d(t), maintain a perpendicular relationship:

7(t) - 3(t) = 0.
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3D Sphere

2D Circle

y
A 1c

1.16.3 Deriving the Perpendicularity
Let 9(t) = 7/(t) be the velocity vector. Then:

=/ e —_ =/ _ 1 d = 2
(0B =7(1) T () = 5 (77
Differentiating:
ld 0 1d o5
=ga POF) =55 =0

since C is constant.
Therefore, if |7’(t)| = C, then:
o(t) L 7(t).
1.17 Calculating Curvature

1.17.1 Case 1: 7(t) travels at unit speed around a circle

We consider the position vector 7(t) traveling at unit speed around a circle of radius R.

7(t) = <R cos (%) ,Rsin (%) ,O>

The velocity vector 9(t) is then the derivative of the position vector:
9(t) =7(t) = (—sin ! cos ! 0
B B R}’ R/’
Note that the magnitude of the velocity vector is 1 (unit speed):

o) =1

The acceleration vector 4(t), which is the second derivative of the position vector, is given by:

aft)y=7"(t) = <—% cos (%) , —% sin (%) ,O>

Definition 1.17.1: The curvature x(t) of the circle

The magnitude of the acceleration vector (centripetal acceleration) is:

K(0) = 7)) = %
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> <

k(t) = %

r(t)

Y
4
=

e 7(t) represents the position of a point moving around a circle of radius R.

e The velocity vector 7(t) is orthogonal to 7(t) and has a constant magnitude, indicating uniform circular
motion.

e The acceleration vector 4(t) points towards the center of the circle (centripetal acceleration) and its
magnitude is inversely proportional to the radius R, showing that a smaller radius corresponds to a
greater acceleration.

e The curvature x(t) is defined as the reciprocal of the radius of the circle, %

1.17.2 Case 2: General Curve with Unit Speed

Consider a curve given by the position vector 7(t), which travels at unit speed along a general curve. This means
that the magnitude of the velocity vector is constant:

[o(t)] = 1.
Since the speed is constant, the acceleration vector d(t) is orthogonal to the velocity vector:
o(t)-a(t) = 0.
This implies that all changes in @(t) are perpendicular to the direction of motion (velocity), which aligns

with the properties of motion at unit speed.

Claim 1.17.1 Acceleration and the Osculating Circle

The acceleration vector 4(t) is directed towards the center of curvature of the curve at each point, and its
magnitude is related to the curvature. In fact, the acceleration "matches” the behavior of the osculating
circle at that point. The osculating circle is the circle that best approximates the curve locally, and its
radius of curvature R is inversely proportional to the curvature.

Theorem 1.17.1 Curvature and Acceleration

The curvature x(t) of the curve at time f is defined as the magnitude of the acceleration vector:

K(t) = la(t).

This provides a measure of how sharply the curve is bending at any given point. Since the speed is unitary,
the curvature directly corresponds to the acceleration’s magnitude.

Example 1.17.1 (Matching the Curve with Its Osculating Circle)
The osculating circle at a point on the curve is chosen so that its first and second derivatives match the
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curve’s first and second derivatives, respectively:
Choose circle C(t) such that C’(t) and C”(t) match 7(t) and 7”(t).

This ensures that the circle is the best local approximation to the curve at that point, providing insight
into the curve’s behavior through the curvature.

1.17.3 Case 3: General Curve with Variable Speed

In this case, we analyze a general curve with a variable speed. Unlike the previous case, the magnitude of the
velocity vector is not constant:
[o(t)] # 1.

This implies that the curve’s speed is not uniform, and therefore, the analysis of the curvature will require
a different approach.

Let s(t) be the arc length parameter, which is a function of {. The position vector can be reparameterized
in terms of arc length:

F(s7H(1)),

where s71(t) is the inverse function of s(t).

Theorem 1.17.2 Calculating Curvature x(t)

To find the curvature, we introduce a parameter to, which satisfies to = s~'(t). Thus, we have:
s7(t) = t.
The curvature x(f) is then given by:

7

K(t) = ‘ditof(s-l(to»

where f(t) is the unit tangent vector.
This can be rewritten as:

(71 (1)

EC )]

T'(s™'(to))
|7/(s=(t0))|

x(t) =

The final expression for the curvature is:

_ )
7(0)]

x(t)

where T(t) = % is the unit tangent vector to the curve.

Alternatively, the curvature can be found with

17 x 3| 1 |dT
>3 7 K():T T
|| 7] | dt

(1) = . x=1T0

if y = f(x) can be parametrized as

F(t) = (t, f(£),0),

where

x'(t)=1, x"(t)=0.
This parametrization gives the curvature x of the curve as

RO
(1+ (' (0))2)**

x(t) =
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1.18 Components of Acceleration

7(t)
- o(t)xa(t - > =/ 2t 2
|u ()] = B = 5@)[2 - x(t) | (7 ()] = £15()] = £ [ [3(p)ldp = os(t)
‘ a,(t) = centripetal acceleration‘ a)(t) = speed change
) Missing a third component of motion

G0 = 3.0 L 4 1500)] -
a(t) = [3.(0)] - E2 + [ (1)

1.19 Binormal Vector

Definition 1.19.1: Binormal Vector

The binormal vector 1§ is defined as:

where:

e T is the unit tangent vector to the curve, given by:
7'(t)
[7(t)l

T =

e N is the unit normal vector to the curve, and it is defined as:
T'(t)
|T"(t)]

N =

The binormal vector B represents the direction to exit the current plane of motion described by the vectors

Tand ﬁ

1.19.1 Change in the Plane of Motion

The rate of change of the binormal vector is given by:

-

dB

— = change in the plane of motion

dt
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Applying the derivative product rule to B=TxN:

d dN
(T -4 T x —
dt( X N) 7 XN+ T X o
Since:
- T(t
N0
|T"(t)l
it follows that: R
T-N=0

and thus: .
dB . - .
I is orthogonal to both T and N

1.19.2 Torsion and its Relation to the Binormal Vector

Since N is a unit vector, the vector B’ is parallel to N:

dB -
ﬁ =—N

where 7 is the torsion of the plane of movement.

If T > 0, the motion is on the plane of movement; if T < 0, the motion is in the opposite direction.

To find 7, take the dot product of both sides with N:

9B § - a(N-Ny= -1

Thus, at unit speed:

1.19.3 General Case and Torsion Formula
For the general case, replace 7(t) with 7(s~!(t)), where s(t) is the arc-length parameterization.
The derivative of B in the general case is given by:
dB(s™!) _ B'(s™\(to)
d(to)  [7(s™1(to))l

or simply: . . _
dB(t)  B'(t)- N(t)
at |7

The general formula for torsion T becomes:

Definition 1.19.3: General form for torsion 7
_B(®)-N()
[7(t)]
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1.19.4 Expressing the Binormal Vector with Velocity and Acceleration

The binormal vector B can be expressed as:

where 7 is the velocity vector and 4 is the acceleration vector.
The torsion 7 is given by:
_(@xa)-a
|9 x 4|2

The centripetal acceleration determines the curvature of the path.

Example 1.19.1 (Finding the Torsion of a Helix Path)

Consider the helix parameterized by:
7(t) = (cost,sint,t)

The first derivative (velocity vector) is:
7(t) = (—sint,cost, 1)

with magnitude:

7(6)] = V2

The unit tangent vector T(t) is:

T(t)

() _<_sint cost i>
PO\ V2 N2 AR

The derivative of the tangent vector is:

= cost sint
Tm{——r—w>
V2 2
and its magnitude is:
=, 1
IT"()] = —=
2

The curvature x(t) is given by:
> By
el %1

x(t) = = = =
O 2 2
Hence, the radius of curvature R(t) is:
1
R(t)=——==2
(t) Py

The normal vector N (t) is:

- T'(t

N(t) = _,—() = (—cost,—sint,0)

|T"(£)]

which points towards the center of the curvature.
The normal acceleration ap is:

an = |7 (t)]* k=1 (constant, points towards the center)

The tangential acceleration is:

ar =s"(t), s(t)=tV2, s'(t)=V2
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The binormal vector B is given by:

|
B=TxXxN = —(sint, —cost, 0)

V2
The derivative of the binormal vector is:

1 1 - B-N 1
= —(cost,sint,0) = ——N = 1= =
V2

\2 RO

=
’

Therefore, the torsion 7 is:

36



Chapter 2

Functions of Multiple Random
Variables f : R” - R

2.1 Plotting Multiple Random Variable Functions

Consider a function f(x,y) = z. We aim to plot functions in 3D.

Example

f(x/]/):x2+3/2

e When y =0, f(x,0) = x2.
e When x =0, f(0,y) = y2

For this surface:
o If z=0, (x,y) =(0,0).
o If z =1, x? + y? = 1, which represents a circle.
o If z > 0, x? + y2 = z, representing a circle with radius vz in the xy-plane.

The vertical line test still applies: a vertical line intersects the surface at at most 1 point.
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I
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Sphere by Self Equation

A sphere cannot be represented as a function in the form f(x,y) = z. This is because it fails the vertical line
test; a vertical line may intersect the sphere at multiple points.

Vertical line fails test

2.2 Domain of Multiple Random Variable Functions

Definition 2.2.1: Domain

The domain of f(x,y) is the set of pairs (x, y) € R? such that f(x,y) is defined.

Example 2.2.1 (Example of finding domain)

Let
flx,y) =v4-x2-y?

To ensure that f(x,y) is defined, the expression inside the square root must be non-negative:
4-x2 -y’ 20 = x> +y*<4

This inequality describes a disk of radius 2 centered at the origin (0, 0).

Y

23 X 21 To,0n 3




Therefore, the domain of f(x,y) is:

{(x,y)EIR2|x2+y2<4}

2.3 Range of Multiple Random Variable Functions

Definition 2.3.1: Range

The range of a function f(x,y) is the set of all z such that z = f(x, y) for some input (x, y).

Example 2.3.1 (Example of finding the range)

f(xry)z V4_x2_y2
f(0,0) =V4-02-0%2=2

The maximum value of f is 2. To find the minimum, consider the boundary of the domain: If x* + y? = 4,
then

Consider the function

Evaluating f at the origin:

fr,y)=V4-(x2+y2)=V4-4=0

Therefore, the range of f(x,y) is:
{z<[0,2]}

Example 2.3.2 (Another example)

Let
2

flx,y)=x*+y
Since f(x,y) > 0 for all (x,y) € R?, the range of f(x,y) is:

{z]|z >0}

2.4 Level Curves of Functions of Two Variables

Definition 2.4.1: Level Curves

Level curves (or contour lines) of a function f(x,y) are curves in the xy-plane along which the function
takes a constant value. For a given value c, a level curve is the set of points (x, y) such that:

flx,y)=c

Example 2.4.1 (Example of level curves)

Consider the function:
flx,y)=x>+y°

To find the level curves for this function, set f(x, y) equal to a constant c:
x2+y?=c

These curves are circles centered at the origin with radius v/c.

39



AR ir
N/

In this case, each level curve is a circle centered at the origin. The radius of each circle is v/c, indicating
that as the value of ¢ increases, the radius of the level curve also increases.

2.5 Limits of Two-Variable Functions

Definition 2.5.1: Limit of a Two-Variable Function

Let f(x,y) be a function of two variables. The limit of f(x,y) as (x, y) approaches (a,b) is denoted as:

lim x,y)=1L
(x,y)—(a,b) fxy)

This means that as the point (x, y) gets arbitrarily close to (4, b), the function values f(x, y) approach the
value L. For the limit to exist, the function must approach the same value L regardless of the path taken
to reach (a,b).

Definition 2.5.2: Formal Definition )

lim f(x,y)=L

(x,y)—(a,b)
if for any € > 0, there exists a constant 6 > 0 such that:
|f(x,y) - LI <e

whenever (x, y) are in the domain of f and:

I(x,y) = (a,b)] <6

Visualizing Limits

The concept of limits for two-variable functions can be visualized in 3D, where f(x, y) is represented as a surface
over the xy-plane. The behavior of the function as (x, y) approaches a point (4, b) corresponds to how the surface
approaches a specific height, L.
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In this diagram, the surface represents a function f(x,y), and the point (a,b, L) is the limit we are trying
to approach.

Example 2.5.1 (Example of a Limit)

Consider the function:

P y2
flx,y) = m
We want to find
lim X,
e fx,y)

Evaluating the limit along different paths:
o Along the path y =0, we have f(x,0) = o,

X

o Along the path x =0, we have f(0,y) = —y_y: =-1.

Since the limit depends on the path taken to approach (0,0), the limit does not exist.

-

"&“

)

I!
///,’:4
Z l’

This diagram shows how the function behaves differently along different paths toward the origin, resulting
in no single limit.

Example 2.5.2 (Example of a Limit that Exists)
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Consider the function:
flx,y)=x*+y?
We want to find
lim : f(x,y)

(x,)—(0,0

Since f(x,y) = x% + y?, regardless of the path taken to approach (0,0), the value of f(x,y) approaches 0.
Therefore,

lim x,y)=0.
(x,y)—>(0,0)f( Y

2.5.1 Limits by substituting with function f : R - R

Example 2.5.3 (Changing g(x))

For a function f(x, y), the limit as (x, y) approaches a point (a, b) must be the same regardless of the path
taken to approach (a,b).

Consider the function: )

3xy
flx,y) = gl
We wish to find:

lim X,
(x,1)—(0,0) flxy)

This limit initially appears to be of the form %, indicating an indeterminate form.

To proceed, we evaluate the limit along different paths. Let’s test two paths to see if the limit is consistent.

Path 1: Linear Path y = mx
Substitute y = mx into f(x,y):

3x(mx)?  3m?x3
x2+ (mx)*  x2+ mixt

f(x/y) =

Then, consider the limit as x — 0:
) 3m>x3
ilgtl) x2 + mix4
Factor out x? in the denominator:
i 3m?x
T b T+ mix2
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Path 2: Parabolic Path y = m+/x
Substitute y = m+/x into f(x, y):

3x(m/x)? 3m2x?
f(x/ ]/) = =2 442
x2 + (mx)4t  x?+mix
Then, consider the limit as x — 0:
3m2x? . 3m? 3m?

#0

1m = lim =
=0 (m*+1)x2 x—omi+1 mi+1

3m?
mi+1

Since the limit depends on the path taken (0 for the linear path and for the parabolic path), the

limit does not exist:

lim f(x,y) DNE (Does Not Exist)
(x,9)—(0,0)

2.5.2 Limits by substituting with Vector Valued Functions f : R — R"

Example 2.5.4 (Substituting < g1(t), g2(t) >)

Since a 1 to 1 function g(f) must pass the vertical line test, it is a limiting way to approach the point at
which we want to compute the limit of a two variable function. Using a vector valued function will remove
this limitation and enable us to approach from any direction.

For a function f(x, y), the limit as (x, y) approaches a point (4, b) must be the same regardless of the path
taken to approach (a,b).

Consider the function:

3xy?
flx,y) = m
We wish to find:
lim X,
(x,y)H(O,O)f( 2
This limit initially appears to be of the form %, indicating an indeterminate form.

To proceed, we evaluate the limit along different paths. Let’s test two paths to see if the limit is consistent.

Path 1: Parametric Linear Path 7(t) = (¢, mt)
Substitute 7(t) = (t, mt) into f(x,y):

_3(H)(m)? 3m%3
flry) = 2+ (mt)r  #2 + mitd

Then, consider the limit as t — 0:
3m2t3
im —
t—0 12 + m4t4
Factor out #? in the denominator:
3m>t

TS0 1+ mi
Path 2: Parametric Parabolic Path 7(t) = (t2, mVt)
Substitute 7(t) = (t2, mVt) into f(x,y):

3(t2)(mVNt)? 3m3t?
(12)2 + (m\H)r  t+mit?

f(xry) =
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Then, consider the limit as t — 0:
3m2t3
im ——
t—0 t4 + m4t2
Factor out #? in the denominator:
3m?t  3m? 3

=lm———=—-=—%#0
t—0 t2 + m4 m4 m2

Since the limit depends on the path taken (0 for the linear path and % for the parabolic path), the limit
does not exist:

lim f(x,y) DNE (Does Not Exist)
(x,y)—(0,0)

Example 2.5.5 (Other Example)

flx )_%/m+ln(%/m)
= x+y
IEEyHRERY) ifx,y#0
flx,y) = U
IL ifx=y=0

If

g(t) =< g1(t), ga(t) >
where g1(t) = t, go(t) = Vt

and

n(s) = M

then

fx,y) = h(gi(x), g2(v))

2.6 Tips for Finding Limits of Two-Variable Functions (2VF)

2.6.1 Polynomials are Continuous
Polynomials in two variables are always continuous everywhere in their domain. For example:
flx,y)=3x*+2y? +3x* + 1

is continuous for all (x,y) € R2.

2.6.2 Compositions of Continuous Functions are Continuous

If g(t) is a function of one variable and continuous at t = 0, and f(x, y) is a continuous function of two variables,
then g(f(x,y)) is also continuous at any point where f(x,y) is defined. For example:

) = NEEI
8 e ift=0

is continuous everywhere.
Now consider the function:
flx,y)=xy?
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Since f(x,y) is continuous, the composition g(f(x,y)) is also continuous. Specifically:
Vi+xy2-1 2
T if #0
gfc,y)=4"w= "M
e if xy? =0

This composition is continuous.

2.6.3 Rational Functions

A rational function f(x,y) = g(éi )) is continuous at all points where the denominator Q(x, y) # 0. For example:
3xy?
flx,y) = m

is continuous wherever x2 + y* # 0.

Tip on Factoring and Simplifying
To find the limit of a rational function, try factoring and simplifying the expression. This can help identify
points of discontinuity or removable singularities.

2.6.4 Special Limits: Squeeze Theorem
The Squeeze Theorem can be used for two-variable functions. If:
h(x,y) < flx,y) < g(x, )
and both h(x,y) and g(x, y) approach the same limit L as (x,y) — (a,b), then:

lim x,y)=L
(x,y)—(a,b) fo.y)

2.6.5 Use of Polar Coordinates
For limits involving two-variable functions, converting to polar coordinates can often simplify the problem. Let:
x=rcos, y=rsin0

Then, f(x,y) becomes a function of r and 6, which can be easier to analyze as r — 0. This is particularly useful
when the limit depends on the distance from the origin.

2.6.6 Testing Multiple Paths

When checking if a limit exists, test multiple paths (e.g., y = mx, y = my/x, x = 0, y = 0). If the limit differs for
any path, then the limit does not exist. However, if all paths give the same result, it is likely that the limit exists
(though more thorough testing is required for rigor).

2.6.7 Continuity of Common Functions

Most standard functions (e.g., trigonometric, exponential, logarithmic) are continuous within their domains. If
they are composed with continuous functions of x and y, the result is continuous as well.

2.6.8 Rational functions

Consider a rational function of two variables in the form:
h(x, y)
8(x,y)

where h(x,y) and g(x, y) are polynomials. The behavior of the limit of this function as (x,y) — (a,b) can
be classified into three cases:
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2.6.9 Case 1: g(a,b) #0

If the denominator g(x, y) is non-zero at the point (a, b), i.e., g(a,b) # 0, then the function is continuous at (a, b).
In this case, we have:

h(x,y) h(a,b)
lim = .
xy)—@b) gx,y)  gla,b)

Thus, the limit exists and equals the value of the function at the point (a,b).

2.6.10 Case 2: g(a,b) =0 and h(a,b) #0

If the denominator g(x, y) equals zero at (a, b) but the numerator h(x, y) does not, i.e., h(a,b) # 0, then the limit
does not exist. Intuitively, this is because the denominator tends to zero while the numerator tends to a non-zero
constant, leading to a blow-up of the function.

h(x,y)

im does not exist.
(x.y)—(ab) §(x,y)

2.6.11 Case 3: h(a,b)=g(a,b)=0

If both the numerator and the denominator are zero at (a,b), i.e., h(a,b) = g(a,b) = 0, we have an indeterminate
form 8. In this case, we try to simplify the expression by factoring out the common terms in h(x,y) and g(x, y).

Example 2.6.1 (Example)

Consider the function:

-y
x—y

At the point (1, 1), both the numerator and the denominator are zero:

h(1,1) = g(1,1) = 0.
We factor the numerator:

x?—y? = (x —y)(x +y).

Now, cancel the common factor x — y in the numerator and denominator:

-y

£=Y

=x+y.

Thus, the limit simplifies to:

2 2

X

im Y = lim (x+y)=l+1=2.
E-0) XY @y

Hence, by removing the common factor, the limit can be computed as 2.
2.6.12 Case 4: h(a,b) = g(a,b) =0 still
Try several Vector Valued functions, trying to make the denominator small or big compared to the numerator

Example 2.6.2 (Large denominator)

x2y
lim ———
(x,)—(0,0) X2 + Y2
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One possible path: Let y =0,

20 _0
x2+02  «x2
Now try a different path: Let x =0,
0’y 0 _ 0
02+y? o2

Parametric form: )

t
hm f(rl(t) ro(t)) = hmf(() t) = hm 2O+ 2 = tlg%() =0

Thus, the limit is 0 = 0.

Example 2.6.3 (Small denominator)

x=-y?+y", wheren >2

(for y small)

4 n+2 2n 5 n+3 2n+1
_ 9 m oy (FE—20"T2 g2 g5 9pmS 4y B
s e T T e =9

Simplifying:

=5 tlir%(l—2t3+t6):1

2.6.13 Case 5: Still getting the same limit

Example 2.6.4 (Trying)
2
Let hm(x,y)—»(0,0) = %

If we divide by y? we get

xy? ) x

lim ﬁ = lim >
()00 X2+ Y2 (xy)=00) (33) +1

2.7 Properties of Limits of Two-Variable Functions
Let f(x,y) and g(x,y) be two functions of two variables such that:

lim X, Ly, hm X,
<xy>—><ah)f( =l Jm  8E Y=

Then, the following properties hold:

2.7.1 Scaling by a constant:

lim [kf(x,y)] =kLi, where k is any real constant
(x,y)—(a,b)

2.7.2 Addition of functions:

N yl)nn [f(x,y)+g(x,y)] = L1+ Lo

2.7.3 Multiplication of functions:

li X, X, =L.L
(x,y)liﬁa,b)[f( y)g(x,y)] 1Le2
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2.7.4 Division of functions:

f(x,y)] L,

im = —, provided Ly #0
(xy)—(ab) [g(x,y) Ly ?

2.7.5 Other

lim (f(x,y)"=L" (n=0,1,2,3,...)
(x,y)—(a,b)

lim (x,vy) Un_pUn e s even, L > 0
y
(x,y)—(a,b)

2.8 Partial Derivatives

Definition 2.8.1: Partial Derivative of random two variable function

fx+hy)-flx,y)
I

flx,y+h) - f(x,y)
h

d .
AL

d .
@f(x,y) = limy o

Example 2.8.1 (Example of application of partial derivatives)

flx,y) = x* —2x% — y* + 22

The partial derivative of a function f(x,y) with respect to x at a point P = (xo, yo) is defined as:

fx(xo,yo) = ;,llli% f(xo +h, ]/02 - f(xg,yo)

Similarly, the partial derivative with respect to y at P = (xq, yo) is:

f(XO, Yo + k) - f(xﬂr yo)
k

For the function f(x,y) = x* — 2x2 — y* + 22, the partial derivatives are:
¥ Y y

fy(xO/ yO) = lll—l;r(l)

fo(x,y) = 4x3 — 4x, fy(x,y) = —4y3 + 4y
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2.8.1 Differentiability

Theorem 2.8.1 Conditions for Differentiability

Consider a function f(x,y), and we aim to analyze the differentiability at a point (a, b).
To say that f(x,y) is differentiable at the point (a,b), the following conditions must hold:

1. The partial derivatives fy(a,b) and f,(a,b) must exist.

2. We must have the following expression for the increment of f at (a,b):
fla+Ax,b+Ay) - f(a,b) = Axfi(a,b) + Ay fy(a,b) + e1(Ax)Ax + e2(Ay)Ay
where €1(Ax) — 0 as Ax — 0 and e3(Ay) — 0 as Ay — 0.

This form shows that the change in the function can be approximated by the linear part involving the
partial derivatives, with the higher-order terms represented by €; and €5, which tend to zero.

Graphical Interpretation

Consider the following illustration of the change in the function f:

Elevation of f(a,b) — f(a +Ax,b+ Ay)

The increment of f is given by:

fla+Ax,b+Ay)— f(a,b)

Using the definition of differentiability, we can decompose this increment as follows:

Af = Axfi(a,b) + Ayf,(a,b)

Graphically, this can be interpreted as moving along the tangent plane at the point (a,b) in the direction
of Ax and Ay. The elevation changes linearly based on the partial derivatives.
For the function to be differentiable at (a,b), we require that:

li Ax)=0, i Ay) =
M B =0, g (A =0
These conditions ensure that the error terms involving €; and €5 vanish as the changes Ax and Ay become
small, ensuring a linear approximation near the point (a, b).
2.8.2 Open and Closed Sets
Consider the set R defined by:
R:y<x, x*+y’<1

The set R is open if we can draw it using **dashed lines**, indicating that the boundary is not included
in the set. If we have a set of solutions to inequalities with strict inequalities (e.g., < or >), the set is typically
% opent*.

If R is defined by inequalities involving < or >, then the set is **closed™*.

Example of Open and Closed Sets
Let R; be defined as:

Ry:x*+y*<1 (open)
Let S be defined as:
S:y<x (open)
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We can also consider the closed sets:
Ry:x?+y*<1 (closed)

S:y<x (closed)

Below are illustrations of open and closed sets. Dotted lines indicate that the boundary is **not included**
(open), while solid lines indicate the boundary **is included** (closed).

Open S:y <x
Ry x2+y%<1

2.8.3 Conditions for Differentiability
A function f(x,y) is differentiable at (a, b) if:

1. The partial derivatives fy(a,b) and f,(a,b) exist.

2. The following limit holds:
fla+Ax,b+Ay) - f(a,b) = Axfi(a,b) + Ay fy(a,b) + Axe1(Ax) + Ayea(Ay)

where €1(Ax) = 0 as Ax — 0 and e3(Ay) — 0 as Ay — 0.

Theorem 2.8.2 Sufficient Conditions for Differentiability

A sufficient condition for differentiability is the following theorem:
If there exists an open set D containing (a,b) such that fy(x,y) and f,(x,y) exist at all points in D, and
if fy(a,b) and fy(a,b) are continuous at (a,b), then f(x,y) is differentiable at (a, b).

Example 2.8.2 (Differentiability of a Given Function)

Consider the function:

flx,y)=e"Y+ x3y

We want to check whether this function is differentiable at any point (a,b). First, we compute the partial
derivatives:

fr(x,y) = ye*?V + 3x%y
fylx,y) = xe™ + x3

For any point (a,b), both fi(a,b) and f,(a,b) exist in R? and are continuous at (a,b) because the terms
e™¥, x3, and y are all continuous on R?.
Thus, according to the theorem for differentiability, we conclude that:
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f(x,y) is differentiable at (a,b)

Example 2.8.3 (Discontinuity of a Function)

Consider the function:

3xy

e if(x,y) #(0,0)
f(x,y)—{o ! if (x,y) = (0,0)

We are interested in determining whether this function is continuous and differentiable at the point (0, 0).

Continuity Check
We first evaluate £(0, 0):

f(0,0)=0

Next, we compute the limit of f(x,y) as (x,y) — (0,0). To do this, we examine the limit along two
different paths:

ri(t) = (t,0)
Along this path, we have:
. .30
Hm f(2,0) = lim gz =0
Now consider the path:

7’2(1’) = <tr t)

Along this path, we compute:

3t-t  3t2 3
lm 7@, £) = lim ——— = = _ 2
fm f(E8) = im e =9 = 3

Since the limits along different paths do not agree (one is 0, and the other is %)7 we conclude that:

f(x,y) is not continuous at (0, 0)

Thus, even though the partial derivatives f, and f, exist at (0,0), the function is not continuous, and
therefore, f(x,y) is not differentiable at (0, 0).

(O ) 71{1') = <t/ O>
Limit 0

Theorem 2.8.3 Differentiability Implies Continuity

If f(x,y) is differentiable at (a, b), then f(x,y) is also continuous at (a, b). This is an important result that
will help us analyze the next example.
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2.9 Directional Derivative

Let u = (uy,us2) be a unit vector, i.e., [u| = 1. The directional derivative of f(x,y) at the point (a,b) in the
direction of u is defined as:

fla+huy,b+huy)— f(a,b)
h

This represents the slope of the hill that you are traveling on in the direction of u.
If f(x,y) is differentiable at (a, b), we know that the function f satisfies the following approximation:

Duf(a,b) = lim

fla+Ax,b+Ay) - f(a,b) = Axfi(a,b) + Ay fy(a,b) + Axe1(Ax) + Ayea(Ay)
where €1(Ax) — 0 as Ax — 0 and €2(Ay) — 0 as Ay — 0.

2.9.1 Derivation of the Directional Derivative

Substituting Ax = huy and Ay = hus, the directional derivative becomes:

i huy fr(a,b) + husf,(a,b) + huyer(h) + huzex(h)
1m
h—0 h

Simplifying the expression:

= uyfx(a,b) +usfy(a,b) +urer(h) + uzes(h)

As h — 0, the terms uje1(h) and useq(h) tend to 0, so we are left with:

Dyuf(a,b) = uifr(a,b) + usfy(a,b)

This can be expressed compactly as the dot product:

Duf(a,b) = {fx(a,b), fy(a,b)) - u

Definition 2.9.1: Definition of the Gradient

The gradient of f(x,y) at the point (a,b) is defined as the vector:

Vf(a,b) = {fx(a,b), fy(a,b))

The directional derivative is then the dot product of the gradient and the direction vector u:

Dy.f(a,b)=Vf(a,b)-u

Thus, the gradient gives the direction of the steepest ascent of the function, and the directional derivative
gives the rate of change of the function in the direction of u.

2.10 Application of the Gradient

The gradient Vf(a, b) plays an important role in determining the behavior of the function in various directions.

2.10.1 Directional Derivative and the Gradient

If f is differentiable at (a,b), then for any unit vector u, the directional derivative of f in the direction of u is
given by:

Duf(a/b) = Vf(ﬂ,b) -u

This formula can be used to determine how the function changes as we move in the direction of u.
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2.10.2 Dot Product and Angle
We know from vector calculus that:
u-v=|ul|v|]cosB
Thus, for the directional derivative:
Duf(a,b) = |V f(a, b)[[u] cos 6
where 0 is the angle between the gradient vector V f(a, b) and the direction vector u.
e If 0 > Z, then u points downhill (negative directional derivative).

e If 0 < 0 < %, then u points uphill (positive directional derivative).

2.10.3 Maximum and Minimum Values of the Directional Derivative
The directional derivative Dy f(a, b) is maximized when 6 = 0°, which means that u points in the direction of the
steepest ascent. This happens when u is in the same direction as Vf(a, b):
Vf(a,b) points towards the direction of steepest ascent.
Conversely, the directional derivative is minimized when 6 = 180°, which means u points in the direction
of steepest descent. In this case:
—Vf(a,b) points towards the direction of steepest descent.

This forms the foundation of gradient descent algorithms, where the negative gradient is used to find
minimum values.

2.10.4 Tangent to a Level Curve

Consider a level curve of the form f(x,y) = c. The vector Vf(a,b) is perpendicular to the level curve at the point
(a,b), which implies that any vector u tangent to the level curve satisfies:

Duf(a,b) = 0

This means that if u is tangent to the level curve, the directional derivative is zero, implying that there is
no change in the value of the function along that curve.
Below is a diagram representing the gradient and the tangents to the level curves:

, Iagvel Curves with Gradient and Tangent Line

~ ~ 00/
Hmm Gradient Vector \_/,3-0
® Point(1,1)
1.5 --- Tangent Line
1.0§
0.5F
> 0.0
_05 -
§
el
_10 L
_1v5 .
<,
7o 3
-2.0 =

=20 -15 -1.0 -05 0.0 05 1.0 1.5 2.0
X
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2.11 Tangent Planes

2.11.1 Tangent Line for Single Variable Functions

For a function of a single variable, the equation of the tangent line at a point f(a) is given by:

y=f'a)x—a)+ f(a)

This represents the line that touches the curve y = f(x) at the point (4, f(a)), and the slope of this line is
determined by the derivative f’(a).

2.11.2 Tangent Plane for Two Variable Functions

For functions of two variables, i.e. f(x,y), the tangent plane at a point P(a, b, ¢) on the surface can be described.
Let the function be f(a,b) = ¢, and we define a point P(a, b, ¢) that lies on the surface at the tangent point.

The tangent plane equation is derived using partial derivatives and parameter vectors.

Parameter Vector Representation

Let the point on the surface be P = (a, b, ¢) and consider small increments in x and y, denoted Ax and Ay,
respectively. The change in the function value Az due to these increments can be approximated using the partial
derivatives. The tangent plane is spanned by vectors in the x and y directions, leading to:

Z_j = <Ull 02>

where:

_9f _9f
U1 = g(ﬂ,b) and Vg = @(ﬂ,b)

The equation of the plane then involves computing how much z increments based on x and y, giving us the
tangent plane equation:

z=c+Vf(ab)-(x—a,y-Db)
where Vf(a, b) represents the gradient vector of the function f(x,y) at the point (a,b).

Definition 2.11.1: The Tangent Plane Equation

The explicit equation of the tangent plane can be written as:

g—i(a,b)(x —a)+ g—]y((a,b)(y -b)+z-c=0

This expresses how the surface locally behaves near the point (a,b, c), and the coefficients of x —a and
y — b are given by the partial derivatives of f at (a, D).

Example 2.11.1 (1)

We are tasked with finding the tangent plane of the surface z = f(x, y) = sin(x) - e¥ at the point (g, 0, 1).
The general form of the equation of a tangent plane to a surface z = f(x, y) is given by:

é—ﬁ(ﬂ,b)(x —a)+ %(a,b)(y—b)+z —-c=0

We will follow the steps below to compute the tangent plane:

1. Find the point of tangency (a,b, c):
The point of tangency is given as (%, 0, 1), So:
a=—,
2
2. Compute the partial derivative with respect to x:
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The partial derivative of f(x,y) = sin(x) - e¥ with respect to x is:

E(x, y) = cos(x) - e¥

of

, 0), this becomes:

s
2

At the point (

3. Compute the partial derivative with respect to y

The partial derivative of f(x,y) = sin(x) - e¥ with respect to y is:

= sin(x) - e¥

(x,y)

of
dy

, 0), this becomes:

s
2

At the point (

b=0,c=1, as well

2

T
as the values of the partial derivatives g—ﬁ(a, b) =0 and g—J;(a, b) = 1, we have:

Using the general form of the tangent plane equation and substituting a =

4. Substitute into the tangent plane equation:

=0

)+1-(y-0)+z-1

b4
2

0-(x-

=0

y+z-1

Simplifying the equation:

0,1) is:

e
97

5. Final equation of the tangent plane: Thus, the equation of the tangent plane at (

=0

y+z-1
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2.11.3 Implicit Case

When dealing with implicit functions such as f(x,y) = D, the process involves implicit differentiation to find the
slope of the tangent line. For example, given an equation of the form:

x4y’ =4

we differentiate implicitly to obtain the tangent line equation. The process is as follows:

d _ _E

dx  F,
For the given equation x? + y? = 4, we compute:

by __x

dx y
leading to the equation of the tangent line:

Fy
b= —E(x -
y F, (x —a)

Definition 2.11.2: Tangent Line for Implicit Functions

Finally, for the tangent line in the implicit case, we use the gradient Vf(a,b) to express the equation of
the tangent line:

Vf(a,b)-{(x—a,y—b)=0

This represents a line tangent to the curve at the point (4, b) on the implicit function.

2.11.4 Level Surfaces and Tangent Planes

A level surface is represented by the equation w = f(x,y,z), where w is a constant, indicating a 3D surface

embedded in 4D space. For example:
f(x,y,z)=D, DeR

This represents a 2D surface in 3D space. An example is the implicit equation:
x2+y?+zi=4

which describes a sphere of radius 2 in 3D space.

Definition 2.11.3: Level Curves Tangent Plane )

The tangent plane to the surface is given by:

VE(a,b,c) - {(x—a,y—b,z-c)=0

where VF(a, b, ¢) is the gradient of the function F at the point (a,b, c).

2.11.5 Summary of Cases

Curve/Surface Equation
y=f) y=f'a)x-a)+ f(a)
z=f(x,y) z=c+Vf(a,b) - {(x—a,y—-b)
F(x,y,z)=D VF(a,b,c)-(x—a,y—b,z—c)=0
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Example 2.11.2 (1)

Consider the surface given by:
z = f(x,y) = x*y* - 2x
At the point (1, 3,7), we compute the gradient:
Vi(x,y) = (y?2x — 2, x*2y)

At the point (1, 3):
Vf(1,3)=(9-2,6) =(7,6)

The equation of the tangent plane is:
Tx-1)+6(y—3)+z-7=0

Simplifying this gives:
Tx-1)+6(y—3)+z=7

Example 2.11.3 (2)

Now, consider the implicit surface given by:
F(x,y,z)=x>-3y+z°=8
At the point (1,2, 3), the gradient is:
VF(x,y,z) = (3x?,-3,2z)
At the point (1,2, 3), this evaluates to:
VF(1,2,3) =(3,-3,6)

The tangent plane equation is:
3x-1)-3(y—2)+6(z—3)=0

Simplifying:
3x-1)-3(y—-2)+6(z—-3)=0

3x-1)-3(y—-2)+6(z—-3)=0

This describes the tangent plane to the surface at the given point.

2.12 Applications of Tangent Planes

2.12.1 Linear Approximation

In many cases, we know the value of the function f(a,b) at a particular point and want to estimate the value of
f(x,y) near that point. We use the linear approximation formula for this estimation:

f(x/]/)“f(arb)Jer(arb)'<X—ary_b>

where Vf(a,b) is the gradient of the function f at the point (a,b).
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Example 2.12.1 (Linear Approximation of sin(xy))
Let f(x,y) = sin(xy). We want to estimate f(0.8,0.25) using linear approximation.

1. First, find f(a,b) = f(1/2,0.2). Since sin(5 - 0.2) ~ 0.985, we get:

F(a,b) = sin (g x 0.2) ~ 0.985

2. The gradient Vf(x, y) is given by:
Vf(x,y) = (y coslxy), x cos(xy))
At (5,0.2), we calculate the partial derivatives:
Vf (g, 0.2) = (0.2 cos(1), g cos(1))
Using cos(1) =~ 0.5403, we have:

Vf (g,oz) = (0.1081, 0.8474)

3. Now, estimate f(0.8,0.25) using the formula for linear approximation:
£(0.8,0.25) ~ f (g 0.2) +Vf (g 0.2) (0.8 - g 0.25 - 0.2)
Simplifying:
£(0.8,0.25) = 0.985 + (0.1081, 0.8474) - (—0.014, 0.05)

£(0.8,0.25) ~ 0.985 + (=0.0015 + 0.0424)
£(0.8,0.25) ~ 0.985 + 0.0409 = 1.0259

2.12.2 Finding Approximate Solutions to Equations

To find approximate solutions to equations, we can apply linearization techniques similar to the above. For
instance, if we know a point (a,b,c) and want to estimate the solution for f(x,y,z), we use the following
approximation:

f(x,y,2z) = f(a,b,c)+Vf(a,b,c)-{(x—a,y—b,z—c)
where Vf(a,b,c) is the gradient of the function at the point (a, b, c).

Example 2.12.2 (Finding the Root of f(z) = ze* + 1.02z —e* — 0.2)
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To find approximate solutions to equations, we can apply linearization techniques similar to the above. For
instance, if we know a point (4, b, c) and want to estimate the solution for f(x,y,z), we use the following
approximation:

f(x,y,z)~ f(a,b,c)+Vf(a,b,c)-{(x—a,y—b,z—c)
where Vf(a,b,c) is the gradient of the function at the point (a,b, c).

2.12.3 Example: Linearizing f(x,y,z) = zIn(z) + xz — e¥*

Consider the function f(x,y,z) = zIn(z) + xz — e¥*. We want to find an approximate solution around the
point (x,y,z) =(1,0,1).
First, we calculate the value of the function at this point:

f(1,0,1)=1ln(1)+1-1-e"*=0+1-1=0.
Next, we compute the gradient Vf(x,y,z) at the point (1,0,1). The gradient is given by:

Jdf Idf 0
Vf(x,y,z):(%,é,é).

The partial derivatives are calculated as follows:

af of af
=L = 2o _peyr 2L = — yeY?
3 z, o zeY*, 57 In(z) + 14+ x —ye¥~.

Evaluating these at (x,y,z) = (1,0, 1):

d d d
—f(1,0, )=1, —f(1,0, 1) =-1, —f(1,0, D=In(1)+1+1=2.
dx dy 0z

Thus, the gradient at (1,0, 1) is:
V£(1,0,1) = (1,-1,2).

Using the linear approximation formula:
flx,y,2)~ f(1,0,1) + Vf(1,0,1) - {(x = 1,y,z — 1),

we substitute the values:

fx,y,2) =0+ (1)(x = 1)+ (-1)(y) + 2)(z - 1).
Simplifying:
fx,y,z)rx—-1-y+2(z—-1).
flx,y,z)~x+2z—-y-3.

Thus, the linearized approximation of f(x,y, z) around (1,0, 1) is:

fx,y,z)=x+2z-y-3.

2.12.4 Differentials

Theorem 2.12.1 Differentials approximation using gradient
Suppose z = f(x,y), then
Az = f(x+Ax,y + Ay) — f(x,y)

can be approximated by

Az = Vf(xd/) (Ax,A}ﬁ
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which expands to
Az = fo(x,y)Ax + fy(x, y)Ay
where fy(x,y) and fy(x,y) are the partial derivatives of f with respect to x and y, respectively.

Example 2.12.3 (Example)
Consider the volume V of a cone, given by
T2
V==rh
2

where 7 is the radius and / is the height of the cone. If  decreases by 1.5% and & increases by 2.2%, what
is the percentage change in V7?7
First, find the change in volume AV using the differential approximation:

AV =V, Ar + V,Ah

where V, and V}, are the partial derivatives of V with respect to r and h. We have:
T
V,=nrh, V= §r2

Thus,
AV _mrhAr  3TAR_2Ar Ak
Vo Zr2jh Zr2h 7 h

Substituting the percentage changes:

ﬂ _ 2(—1.5) 4 (2.2

e — — ) =-0.03 + 0.022 = —-0.008
v 100 100)

Thus, the volume decreases by 0.8%.

2.13 Chain Rule in Functions of several random variables f : R" — R

Claim 2.13.1 Differentiation of functions

Let z be a differentiable function of x and y on an interval domain, where x and y are differentiable
functions of t on interval I. Then:

de_dzdr dzdy
dt — ox dt  dydt
We sum the rates of change of z through x and y.

Definition 2.13.1: Single Variable
d

For single-variable functions, we use %; for multiple variables, we use .
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Claim 2.13.2 Three Variables

If z is a function of x, y, and ¢, we have:

dz _dzdx dzdy 9z
dt ~ Jdxdt dydt ot

/1IN
du  Jw  Jdw
dy dx Jz

.
y‘ X 4
o
7 A
d‘b | |
¢ t t

Example 2.13.1 (Example 1)

Given z = xsin(y), x =t2, y =3

0z . 0z

i sin(y), @ = x cos(y)
dx dy .,
a2 T

Therefore,

dz = sin(#3)(2t) + 2 cos(t?)(3t?) = 2t sin(+3) + 3t* cos(t?)

dt
zZ
/\
dz 2z
dx dy
|
.
|
@
‘ dt
|
t t
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Example 2.13.2 (Example 2)
Given V =xyz, x =e!, y =2t +3, z = sin(t):

W _ z A Xz W _ x
ox U oy T T T
dx , dy _ dz
E—e, 5_2/ dt —COS(t)
Therefore,
il_‘t/ =yz-e' +xz-2+xy - cos(t)
Substituting:
dV . t £\ e t
v (2t + 3)sin(t) - ' + (e")sin(t) - 2 + (e")(2t + 3) - cos(t)
%4
/1N
v v v
Jx dy Jz
x L z
o
T
T
t t t

Claim 2.13.3 Two Independent Variables
If z=f(x,y), x = g(s,t),y = h(s, t), then:

20 220y
ds  dxds dyds

= _ozox 22w
dt — dxdt dy ot

I\
N

Claim 2.13.4 Implicit Differentiation

Let f be a differentiable function on its domain, and suppose f(x,y) = 0 defines y as a differentiable
function of x. Provided Fy # 0, we have:

dy _ _E
dx F,
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Example 2.13.3 (Example)

Given: y
% if e —2=0
We have:
F, =y?e", F,=xye*¥ +e
Therefore:
dy B yZexy _y2

dx ~ xye*V +e¥  x+y

2.14 Maximum and Minimum of 2 Variable Functions f ‘R — R?

2.14.1 Ceritical Points
A critical point of a function f(x,y) is a point (a,b) € R? such that:
1. Vf(a,b) = 0, i.e., the gradient of f at (a,b) is the zero vector < 0, 0.
2. The partial derivatives fy(a,b) and f,(a,b) both exist.
At a critical point, there are three possible types:
1. Local minimum: The function value increases as we move away from (a, b) in all directions.
2. Local mazximum: The function value decreases as we move away from (a, b) in all directions.

3. Saddle point: The function behaves such that in some directions, it increases, while in others, it decreases.

2.14.2 Definitions
1. f(a,b) is a local mazimum if there exists an open disc D, such that for all (x,y) € D, f(a,b) > f(x,y).
2. f(a,b) is a local minimum if the same condition holds, but with f(a,b) < f(x,y).

3. A saddle point exists if, for any neighborhood around (a,b), there exist points (x1,y1) and (x3, y2) such
that f(a,b) > f(x1,y1) and f(a,b) < f(x2,y2).

2.14.3 Visual Representation of Maxima, Minima and Saddle Points
z=x%+y? z=-x?-y? z=x%-y?

SR
{ '\“WM' ",'/ [

IR -
\ \{\\g\\s:“séw@m:u,c, | W
A W
5\‘\\\ )
LA
)

W
AR
N 9900

A

‘
R

i \
i \
i \
) !!!,lll,l,l'l',., i ! M\

\ N “

Nl
.’d' N
. .’ ‘ﬂ,‘\’
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2.14.4 Second Derivative Test

The second derivative test is used to classify critical points by examining the Hessian matrix. The Hessian matrix,
H(x,y), contains the second-order partial derivatives of f(x,y):

_ N y) fry(x,y)
H ) =206y fy)

We evaluate the determinant of the Hessian, det(H) = frx(x, y) fyy(x, y) — (fay (x, y))Q, and use the following rules:

—_

. If det(H) > 0 and fyx(a,b) > 0, then f(a,b) is a local minimum.

[\

. If det(H) > 0 and fyx(a,b) <0, then f(a,b) is a local mazimum.

w

. If det(H) < 0, then (a,b) is a saddle point.

S

. If det(H) = 0, the test is inconclusive.

Example 2.14.1 (Example)

Consider the function:
flx,y)=x*-3x+y>-3y

To find the critical points, we calculate the gradient:

2 _
V(x,y) = [3;2 _ 2]

Setting Vf(x,y) =0, we solve:
3x2-3=0 = x==I1
3y$°-3=0 = y==+1
Thus, the critical points are (1,1),(1,-1),(=1,1), (=1, -1).
Next, we calculate the Hessian matrix:
6x O

The determinant of the Hessian is:
det(H) = —36xy

For the critical points:
e (1,1): det(H) = 36, so this is a saddle point.
e (1,-1): det(H) = —36, and since fyx(1,1) = 6, this is a local minimum.
e (—1,1): det(H) = —36, and since fyx(—1,—1) = —6, this is a local maximum.

e (—1,-1): det(H) = 36, so this is a saddle point.
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2.14.5 Connection Between the Second Derivative Test and Eigenvalues of the Hes-
sian

The Second Derivative Test is closely related to the eigenvalues of the Hessian matrix. To understand this
connection, we need to explore the geometric interpretation of eigenvalues and how they inform us about the
curvature of a function at a critical point.

Given a Hessian matrix H(x, y), we can compute its eigenvalues, A1 and A,. These eigenvalues describe the
principal curvatures of the function in the directions of the corresponding eigenvectors. Here’s the relationship
between the eigenvalues and the nature of the critical point:

1. If both eigenvalues A; > 0 and Ay > 0, the function f(x,y) is locally conver at the critical point, meaning
the graph of the function curves upwards in all directions. This corresponds to a local minimum.

2. If both eigenvalues A1 < 0 and Ay < 0, the function is locally concave, meaning the graph curves downwards
in all directions. This corresponds to a local maximum.

3. If one eigenvalue is positive and the other is negative (A;As < 0), the function exhibits a saddle point. The
function curves upwards in the direction corresponding to the positive eigenvalue and downwards in the
direction corresponding to the negative eigenvalue.

4. If any eigenvalue is zero (A1 = 0 or Ay = 0), the Second Derivative Test is inconclusive. In this case,
higher-order terms or a more detailed analysis is required to classify the critical point.
2.14.6 Intuition from Linear Algebra

Eigenvalues of the Hessian matrix tell us about the principal directions in which the function is changing at a
critical point. Consider the Hessian as a local quadratic approximation of the function at a point, where the
eigenvalues reflect how steep the function’s graph is along particular directions. Specifically:

e Positive eigenvalues correspond to directions where the function increases, resembling an upward-parabola
shape.

e Negative eigenvalues correspond to directions where the function decreases, resembling a downward-parabola.

e Mixed signs for the eigenvalues indicate a saddle-like behavior, where some directions exhibit maxima and
others minima.
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Thus, checking the signs of the eigenvalues is an alternative way to interpret the Second Derivative Test in
terms of curvature.

Example 2.14.2 (Example)

Let’s revisit the example f(x,y) = x® —3x + y® — 3y and calculate the Hessian matrix at one of the critical
points. For the critical point (1, 1), we have:

H(1,1) = [g g}

The eigenvalues of this Hessian are A; = 6 and A5 = 6, both positive, which confirms that (1, 1) is a local
minimum as expected from the Second Derivative Test.
For the critical point (1,—1), the Hessian is:

H(1,-1) = [g _06]

The eigenvalues are A; = 6 and Ay = —6, confirming that (1,—1) is a saddle point, as one direction curves
upward and the other downward.

2.15 Absolute Extrema

For a function f defined on a region R in R?, a point (4,b) in R is an absolute mazimum of f if f(a,b) > f(x,vy)
for any (x,y) in R. Similarly, (a,b) is an absolute minimum if f(a,b) < f(x,y) for any (x,y) in R.

Theorem 2.15.1 Extreme Value Theorem

If R is closed and bounded, and if f is continuous on R, then the absolute extrema of f on R can be found
by examining;:

1. Critical points of f (for local extrema within R),

2. Boundary values of f on R.

Example 2.15.1 (Example Extreme Value Theorem)
Consider the function V (£, w) = w(96 — { — w), where R = {({,w) | £ > 0,w > 0,{ + w < 96}.

1. Since R is closed, we can apply the Extreme Value Theorem:
(a) Find local maxima by setting VV (¢, w) = 0.
(b) Evaluate V on the boundary of R.

To find critical points:
V({,w)=tw(96 —{ —w)

The partial derivatives are:

A% A%
o =w(96 — 2 —w), o ={(96 — { — 2w)

Setting these to zero, we get:
w96 -2 —w) =0
096 - —2w)=0

This yields critical points at (£, w) = (32, 32).
On the boundary of R:
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1. £ =0: Then V =0 for any w.
2. w=0: Then V =0 for any /.
3. £+ w = 96: Substitute w = 96 — ¢ into V(¢,w) = £(96 — £)(96 — £ — (96 — ¢)) = £(96 — £)2.

w
(0, 96)

{+w =96

{
(0,0) (96, 0)

Solving this, we find that V(32,32) = 32 - 32 - 32 = 32768, which is the maximum value on R.

To confirm the local maximum at (32, 32), we compute the Hessian:

—2w 96— —w
Hw) = g6 _ g4 —2f
At (32, 32), the Hessian determinant is:
det(H) = (-2 x 32)% = (96 — 32 — 32)® = (64 x 64) — (32 X 32) = 32768 > 0

Thus, V(¢, w) has a local maximum at (32, 32).

Example 2.15.2 (Another Example)

Consider f(x,y)=4-x>—y? on R ={(x,y) | =1 < x < 1,x%+y? < 1}. Here, R is an open region without
boundaries.

The maximum of f(x,y) occurs at (0,0), where f(0,0) = 4. There is no absolute minimum because for
points approaching the boundary (e.g., x ~ 0.99), f(x, y) approaches —oo.

Thus, in R, there is no absolute minimum value for f, illustrating the importance of the region’s closedness
and boundedness for the Extreme Value Theorem to apply.

2.16 Lagrange Multiplier Method

2.16.1 General Procedure
To maximize or minimize f(x,y) subject to a constraint g(x,y) = 0, follow these steps:
1. Identify Critical Points: A point (x’, y’) is a critical point if:
e There exists A € R such that Vf(x’,y’) = AVg(x’, y’) (using the method of Lagrange multipliers).
e g(x",y)=0.
2. Evaluate Cases for Critical Points:
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(a) Case 1: The constraint region R is bounded and has no endpoints.

e In this case, assuming continuity of f, any local extrema within R are also absolute extrema.

o Select critical points (x’, y’) and evaluate f at these points.
(b) Case 2: The constraint region R is bounded and has endpoints.
e Example: x? —4y? < 0 with -1 < x < 1.
e Absolute extrema may occur at local extrema or endpoints.
o Check critical points and also evaluate f at the boundary endpoints.

(c) Case 3: The constraint region R is unbounded or does not include all endpoints.

e Example: x? — 4y? unbounded or x? + y? —4 =0 with -2 < x < 2.
e It may be possible that absolute extrema do not exist.
o Find any critical points and evaluate f(x) as x — =*oo if applicable.

Example 2.16.1 (Lagrange Multiplier Method)

We aim to find the absolute extrema of the function f(x,y) = x — 2y subject to the constraint g(x,y) =

x2+y?=4.

To find the extrema, we use the method of Lagrange multipliers, where we seek points where Vf = AVg.

The gradients of f and g are:
1 2x
Vix,y)= , Ve(x,y)=
fx,y) [_2] g(x,y) [Qy]

Setting Vf = AVg, we have:

1=A-2x
—2=A- 2y
This simplifies to:
1 -1
= — = — = -2
e =y X

Substitute y = —2x into the constraint g(x,y) = x? + y? = 4:

422 =4=2x?+4x’ =452 =4=2x =2

Sl

Then, y = —2x gives y = £—=. So the points are:

5

5

v ™ 5
=T T = 11 =

V5 b 5 V5
Calculate f(x,y) at the points:

2 _4)\_2 8 _10_
f(%"%)— =t Sl

2 4)_ 2 8 _ 10 __
f(‘%’%)‘ r

Thus, the absolute maximum is 2V5 and the absolute minimum is —2V5.

Below is a diagram showing the constraint x? + y2 = 4 as a circle and the level curves of f(x,y) = x — 2y,
specifically showing the two tangent level curves at z = -_0-1—(;) that represent the maximum and minimum

values.
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Example 2.16.2 (Example: Finding Extrema of f(x,y) = e**Y with Constraint)
Consider maximizing or minimizing f(x, y) = e**¥ subject to the constraint ¢(x,y) = x> +xy +y*—9 = 0.

1. Using the method of Lagrange multipliers, we set up the system:

Vi(x,y) =AVg(x,y)

which gives:
etV = A(2x + y)
etV = A(x + 2y)
2. Dividing the equations, we get:
2x +y
=l=>x=y
X+ 2y

Substitute x = y into the constraint x? + xy + y? = 9
x2+x2+x2:9:>3x2:9:>x:i\/§, yzi\/g

The critical points are (V3, V3) and (—V3, —V3).

5. Evaluating f(x,y) at these points:

F(V3,V3) = e2¥3,  f(—V3,—V3) = ¢72V3

Thus, the maximum value is 23 and the minimum value is e~2V3.
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Example 2.16.3 (Example: Finding Extrema of f(x,y) = x — y with Constraint)
Consider the function f(x,y) = x — y with the constraint g(x, y) = x? + y? — 3xy — 20 = 0.

1. The gradients are:
|1 _[2x =3y
Vix,y) = [_1] , Velvy) = [zy _ 3x]

2. Set Vf = AVg:

1=2A2x -3y)
-1=AQ2y —3x)

3. Solving this system, we find critical points at (2, —2) and (-2, 2).

4. Evaluating f(x, y) at these points:
f(2r 1) = 1/ f(_2/ _1) =-1
5. Therefore, the maximum value is 1 and the minimum value is —1.

By observing the level curves diagram, we can see that the given points do not maximise/minimise the
function, as any other line where x — y < +4 would further increase/decrease the function.

2.17 Multiple Integration

The integral
b

flx)dx = A
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represents the area under the curve f(x) from a to b, where A can also be approximated as

N
Ax Z F(xi)Ax.
i=1

To find the volume under a surface z = f(x, y) over a region R = [a,b] X [c, d], we use the double integral

//R f(x,y)dA.

This can be approximated by summing over small subregions within R:

//Rf (e, y)dA=lim > > f(xi,yj)Ax Ay.

i=1 j=1

Theorem 2.17.1 Continuity and Limits of Double Integrals

If the limit

lim X,
(xry)*(arh)f( Y

exists for all points (a,b) in R, then f(x,y) is continuous over R, and the order of integration can be
changed under Fubini’s theorem.

Consider dividing R into n subregions, each with area AA;; and height f(x;,y;). Then, the volume V is

approximated as
n

V= Z f(xi, yj)Ax Ay,
=1

i=1j

where 1 is the number of boxes in the x-direction and m is the number in the y-direction. Taking the limit as

Ax, Ay — 0 gives
v= [[ reaa
R

Definition 2.17.1: Double Integral Definition

The double integral of f(x,y) over R = [a,b] X [c,d] is defined by

‘//Rf(x/]/) dA = nh_I}ioi if(xi/]/j)AAij-

i=1 j=1

Theorem 2.17.2 Fubini's Theorem
The order of integration does not affect the result of the double integral. Thus,

//Rf(x,y)dA:/ab(/Cdf(x,y)dy)dx:/Cd(/abf(x,y)dx) )

Example 2.17.1 (Example of Double Integral Calculation)
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Calculate the volume under f(x,y) =4+ x + y? over the region R = [-1,1] x [0, 2]:

//Rf(x,y)dA:/11/02(4+x+y2)dydx.

Evaluating the inner integral with respect to v,

3

2
/ (4+x+y2)dy=4y+xy+y?
0

2 8
=8+2x + —.
0 3

Then, integrating with respect to x,

Thus, the volume V = 3—32

Example 2.17.2 (Example: Integration Over a Rectangular Domain)

2 1 xy
/0'/01+x2dxdy.

Using substitution u# = x? with du = 2x dx, we find

2 r1 o xy 2 L, 2 Nt
/0‘/01+x2dxdy—/0 y(‘/o Tﬂdx)dy—‘/oy[iln(l+x)]ody.

Simplifying, we get

Evaluate

2 m@ , W@ [’ @) y?
ve[ v iRt [va=2 g

2.17.1 Non-Rectangular Domains

Consider R = {(x,y) : a < x < b, g1(x) < y < g2(x)}, where the boundaries are given by functions y = g1(x)
and y = ga(x).

Example 2.17.3 (Example: Non-Rectangular Domain Integration)

Suppose R ={(x,y): -1 < x < 1,x2 < y < 2 - x?}. We wish to evaluate

/R(x +y)dA.

We split R into two regions, R; and Ry, with bounds given by

Ri={(x,y):-1<x<1,x*<y<2-x%}.

V= [11 (/xj_X2(x +v) dy) dx.

Evaluating each integral, we obtain
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On solving, we get

When changing the order of integration, try dividing the region into smaller regions to make integration
simpler.

2.17.2 Volume Between Surfaces

To find the volume of a sphere using double integrals, consider the surface
ryt+zi=1.

Then z = £4/1 — x2 — y2, and we can set up the integral as

V=2// 1-x2-y2dA,
R

where R={(x,y): -1<x<1,-V1-x2<y< Vl-x2}.

y

A

Example 2.17.4 (Example: Volume Between Surfaces)

Calculate the volume between the surfaces z = 4/1 —x2 — y2 and z = —/1 — x2 — y2:
V://(\/l—xQ—yQ—(—\/l—x?—y?)) dA=2//\/1—x2—y2dA.
R R

Setting up the limits as before, we integrate over R to find the volume of the sphere.
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2.18 Applications of Double Integrals

2.18.1 Area of a Surface

Definition 2.18.1: Area of a Surface with Double integrals

When calculating the area of a surface where the height of the surface in 3D space is constantly 1, the area
of the surface is numerically equal to the volume under the surface. Thus, by setting the height f(x,y) =1
over a given region R, the area of R can be computed using a double integral, which effectively measures
the ”volume” under the constant surface.

AreaofR:[/Rf(x,y)dA://RldA

Example 2.18.1 (Example)
Calculate the area of the region R = {(x, y) : x* + y2 < 1}, which is the unit disk in the xy-plane.

1 V1-x2
//dA=/ / dy dx
R -1 J1-x2

1
=2/ V1 - x2dx
-1

Calculating,

Using substitution, let x = cos 0, we get:
T
=2/ sin®6d0 = m
0

Thus, the area of R is 7.

& z =1 (Cylinder surface)
o Region R

—_— X-cross section
— y-cross section




2.18.2 Average Value of a Function

Definition 2.18.2: Average Value of a Function

The average value of a function f(x,y) over a region R is defined as the total value of f(x,y) over R
divided by the area of R. This can be expressed using double integrals as follows:

J_‘=mlom//lzf(x,y)dfl=ﬁ//1{f(x,y)df!

Example 2.18.2 (Example)
Find the average value of f(x,y) = +/1—x2 — y2 over the region R = {(x,y) : x2 + y? < 1}.

First, calculate the area of R:
AreaofR://dA:n.
R

Now, calculate the integral of f(x,y) over R:

[/ V1-x2-y2dA.

R
Using polar coordinates, where x = rcos 0 and y = rsin 0, we have dA = r dr dO:
2n 1
:/ / V1-r2-rdrdof.
0 0

Breaking down the integral,

1
=27‘z/ rV1 —r2dr.
0

Using the substitution u = 1 — r? (with du = —2r dr),
0 1
:2n/ \/ﬂo(——):n Vu du.
1 0

Evaluating the integral,
1 3/271
u 2 2
:n/ ul/Qdu:n[—] .
0

Therefore, the average value of f(x,y) over R is
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& ey =T
o Region R

—_— X-cross section
— y-cross section

2.19 Derivation of Triple Integrals through Riemann Sums

To derive the concept of a triple integral, we start by considering a bounded, three-dimensional region D C R?
over which we wish to integrate a continuous function f(x,y, z). The idea is to approximate the ”volume” under
the surface defined by f(x,y,z) over D by partitioning D into smaller subregions, summing up values of f at
chosen points within these subregions, and then taking the limit as the partitions become finer.

2.19.1 Partitioning the Region
1. Let D be divided into n X m X | subregions, each of volume AVjjx = Ax;Ay;jAzy, where:
Axi = Xit1 = Xi, AYj=Yj1—Yj, Azk = Zks1 — Zk
2. In each subregion, choose a point (x7, y;,zZ) where f will be evaluated. The function value at each of
these points, f(x], y}.‘, z;), approximates the "height” over the corresponding volume element.

2.19.2 Forming the Riemann Sum

With these chosen points and partition, the Riemann sum for f over the region D is given by:

n o m 1
Z Z Z fG, Y5, 2 ) AxiAyjAzg.

i=1 j=1 k=1

As the partitions become finer, i.e., Ax;, Ay;, Azy — 0 for all i, j, k, the sum approaches the exact ”volume”
under f over D, which we denote as the triple integral:

n o m 1
///D fley, 2V = lim Z Z Z F&, v, Z)AxiAy Az

i=1 j=1 k=1

Thus, the triple integral represents the limit of the Riemann sum as the volume elements AVjjx become
infinitesimally small.
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2.20 Triple Integrals Intuitions and Applications

/f(x) dx — Area / /f(x,y)dA — Volume under f(x,y)

f/ f(x,y,2z)dV — Volume under solid w = f(x,y, z)

2.20.1 Integrals Represent Products

Examples:

Length =F=P-A = ﬂP(x,y)dA
R

Mass =p-V = m:///p(x,y,z)dv
D

Example 2.20.1 (Mass of a Rock)

Suppose a rock with uniform density p and volume V. Then
m=pV

If p is non-uniform, how do you find the mass?
Suppose p(x,y,z) is given by p(x, y, z) over the support of D, then

m:‘/[/Dp(x,y,z)dV

where D C R? is the region occupied by the rock.

Example 2.20.2 (Volume)

Note A € R?, then
Volume of D in R?

v=[[[ av

Example 2.20.3 (Example 3: Probability Densities)

is

Let x, y, z be variables representing random quantities. You can find f(x, v, z) called a Probability Density
Function (P.D.F.) where

P((x,y,2) € D) = // [ vy

Definition 2.20.1: Bounds of Integration for triple integrals

Suppose D = {(x,y,z) :a < x < b, g(x) < y < h(x), G(x,y) < z < H(x,y)}, where the bounds of y
depend on x and the bounds of z depend on x and y.

Then
b h(x) H(x,y)
V:// f(x,y,z)dV:/ / / f(x,y,z)dzdydx
D a Jgx) JG(xy)

Example 2.20.4 (PDF in 3 Continous Random Variables)

Three customers wait x, y, z minutes.
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flx,y,2)=

103 —(x+y+2) . 0 if x,y,2> 0
otherwise

(1) Probability that (x,y,z) € D:

P((x,y,z)e D) = ‘[‘// 103~ (x+y+2) . 1 av
D 10

(2) Probability that customers wait at most 5 minutes:

D = [0,5] x [0,5] x [0, 5]

1
P= /// 10%e~0+¥+2) . — dx dy dz = 0.061 = 6.1%
. 10

(3) Probability that 0 < x <y < z<20: Define
P={(x,y,2):0< x<y<z<20}

1. Find the domain of x in D:

0<x<20

2. Fix some x = xq, define R = {(y,z) : 0 < xo < y < 20}. 3. Marginalize y in R:
x<y<20

4. Marginalize z in R:
y<z<20

Thus,
[0, 20] % [x, 20] x [y,20]

20 (20
/ / / 103e~(x+y+2) . dz dy dx

Theorem 2.20.1 Fubini's Theorem Extended to Triple Integrals

Fubini’s Theorem allows us to evaluate triple integrals as iterated integrals by integrating one variable at
a time. If f(x,y,z) is continuous on a rectangular region D = [a,b] X [c,d] X [e, f], then

ﬂDf(x,y,Z)dV=/ab/6d‘/eff(x,y,z)dzdydx.

This can also be rearranged in different orders of integration:

///Df(x,y/Z)dV='/Cd/ah'/eff(x,y,z)dxdzdy,

and similarly for other orders, depending on the bounds and convenience for computation.

Example 2.20.5 (Example of Setting up the Integral with Bounds)

Find the integral f/f xyzdV where D = {(x,y,z)|x+y+z<1,x,y,z > 0}.
To determine the bounds for integration, we analyze the region D defined by x+y+z < 1 with x,y,z > 0

1. First, we set up the bounds for x:
0<x<1
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since x is bounded below by 0 and, based on the constraint x + y +z < 1, cannot exceed 1.

2. Given a fixed x = x¢, we find the bounds for y:
O0sy<l-xo
since for any fixed x, y is bounded below by 0 and must satisfy y +z < 1 — xg.
3. For a fixed x = x¢ and y = yo, we find the bounds for z:
0<z<1-x9—Yo
since z is bounded below by 0 and must satisfy the remaining part of the inequality, z < 1 —x¢ — yo.

With these bounds, we can now write the integral as:

1 1-x 1-x-y
///xyzdv=/ / / xyzdz dy dx
D 0 0 0

Example 2.20.6 (Volume of a Solid Bounded by Planes)

Find the volume V of the solid bounded by x =0, y =2,z=0,and 2—-x -4y —z = 0.
Define the region D = {(x,y,z)|x >0,y < 2,z > 0,z < 2—x — 4y}.

The volume V is given by
V= /// 14V
D

1. Start by determining the bounds for z:

Step-by-Step Bounds Determination:

e The minimum value of z is 0 since z > 0.

e The maximum value of z is determined by the plane z =2 -x —4y,s0 0< z < 2 — x — 4y.
2. Next, determine the bounds for y given a fixed z:

e The plane y = 2 limits y from above, so y < 2.

2—x—z
-
2—1—2).

o Rearranging the inequality 2 — x — 4y > 0 gives y <

o Therefore, for a fixed z, y ranges from 0 to min (2,
3. Finally, determine the bounds for x:

e Since x > 0, the minimum value of x is 0.

e From the inequality z = 2 — x — 4y > 0, rearranging gives x < 2 -4y —z,so x < 1.

Based on these bounds, the volume integral can be set up as:
1 2-x 2—x—4y
V= / / / ldz dydx
o Jo 0

Example 2.20.7 (Problem with Multiple Surfaces)

The solid common to the cylinders bounded by z = sinx and z = sin y over the region

R={(x,y):0<x<m 0<y<mn}.
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Figure 2.1: Volume bounded by x =0,z =0, y =z% and 2—-x —y = z.

We define the domain D as
D={(x,y,z):(x,y) € R, 0 < z < min(sinx, sin y)}.
To solve this problem, we will:

1. Consider one-fourth of the volume under the intersection of the two cylinders, taking advantage of
symmetry.

2. Identify the bounding conditions for z in each quadrant.
3. Set up and compute the triple integral over D to find the volume.

Given the symmetry, we restrict our analysis to the region

0<x<g, 0<y<

|

In this quadrant, z is bounded by min(sin x, sin ), which means z < siny in the region Ry, where siny <
sin x.
For region Ry (where sinx < siny), we have z < sinx. By observing symmetry, the volume in each
quadrant contributes equally, so we can calculate the volume in this restricted region and multiply by 4.
The bounds for x and y are:

O<y<sm ys<x<sn-—y.

Thus, we set up the volume integral as follows:

/2 siny -y
V= 4/ / / dxdydz.
0 0 y
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Evaluating the integral:

/2 siny -y
V=4/ / (/ dx) dydz.
0 0 y

Upon computation, this integral yields:
V=n-2.

The key idea was to leverage the symmetry of the intersection region, focusing on one-fourth of the area
and then scaling up by a factor of 4. By analyzing the geometry, we found that z was bounded by sin y in
region R;. From there, the triple integral was computed over x, y, and z to yield the final volume of the
region.

* z = sin(x)

>
z = sin(y)
—— Boundaries
—— x-cross section
—— y-cross section 1

]

2 0.5
Iy

0T

2.21 Polar Coordinate System

Definition 2.21.1: Polar Coordinates Overview

The polar coordinate system is a two-dimensional coordinate system in which each point on a plane is
determined by a distance from a reference point (often called the origin or pole) and an angle from a
reference direction (usually the positive x-axis). The two coordinates are:

e r: the radial distance from the origin to the point.

e 0: the angular coordinate, representing the angle in radians (or degrees) between the positive x-axis
and the line connecting the origin to the point.

A point P in the plane can therefore be represented in polar coordinates as (r, 0).
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Definition 2.21.2: Relationship Between Cartesian and Polar Coordinates

In Cartesian coordinates, a point P can be represented as (x,y). We can convert between Cartesian and
polar coordinates with the following relations:

x =rcos0
y=rsin0
0 = arctan ( z)
X
These equations allow for the translation of a point’s position between Cartesian and polar forms, showing

the adaptability of the polar system for various types of analyses, especially when working with circular
or rotational symmetry.

Cartesian Coordinates Polar Copfdinates

y

Lkt y) = (3,2)

Alternative notation: (r, 8-+ 2m)
Alternative notation:

150°

\' x
210° 33o°
240° 300°

270°

Diagram illustrating the polar coordinate system with concentric circles and angular lines, showing a point P
represented as (r, 0) and alternative notations.
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An interesting feature of polar coordinates is that a single point P can have multiple equivalent representations.
For instance, the point (7, 0) can also be expressed as (—r, 0 +1) by reversing the radial direction and adjusting
the angle. Additionally, due to the periodic nature of angles, adding any integer multiple of 27 to 6 results in
the same point, i.e., (r, 0 + 27tk) for integer k.

Example 2.21.1 (Applications of Polar Coordinates)

Polar coordinates are particularly useful in problems involving symmetry around a central point, such as
in physics for modeling circular motion, waves, and fields. They simplify equations and visualizations in
cases where Cartesian coordinates might be cumbersome.

2.22 Basic Equations

2.22.1 Ellipse

For parametric representation:
x=acos0, y=bsin0

2.22.2 Line
b

sin @ — cos 6

r(0) =

where y = mx +b.

2.22.3 Cardioid

The equation for a cardioid:
r(@)=1+cosB

Transformations:
r=14cosB =>r=x+cosfO

r=rcos = x =cosB

2.23 Slope of a Curve

For a function r = f(60):

dy
slope = Z— = %
T

Using parametric form r(0) = f(0), then

x(0) = f(B)cos O, y(0)=f(O)sinb

Therefore,
d
Y f'(0)sin6 + f(6)cos 6
de
X f1(6)cos 6 - f(6)sind
10 cos sin
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Definition 2.23.1: Slope or function with Polar Coordinates

_dy _ f(0)sin6 + f(6)cos O
Tdx f(6)cos6 — f(O)sinO

SRS

Example 2.23.1 (Example: Slope of Cardioid)
For the cardioid » = 1 + cos 0,
f(@)=1+cosO, f'(0)=—sinb

Then,
—sin O(sin 0) + (1 + cos 0) cos O
slope = - ;
—sin B cos 6 — (1 + cos ) sin 6
Simplifying,
cos? 6
slope = —

sin 8(2cos 6 + 1)

To determine where the slope is undefined, we examine the denominator:

cos? 6
sin 0(2cos 6 + 1)

The slope is undefined when the denominator is zero.

slope = —

At 0 =
sint=0 and cosm=-1
sin7t-(2cosm+1)=0-(2-(-1)+1)=0

Thus, the slope is undefined at 6 = .

_ 3m.
At 0 =
sin3—n—ﬁ and cos3—n——ﬁ
4 = 2 4 = 2
sin%-(2c08¥+l)=g'(—\@+1)=0

Thus, the slope is also undefined at 6 = 3?'
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The slope at 6 = %T” does not exist in the usual Cartesian sense. Here’s why:

1. Radial Line: At 6 = ‘%17 the line connecting the point (1 + cos (%’I) , %’I) to the origin is a radial line.

Radial lines in polar coordinates point directly toward or away from the origin, meaning they lack a
well-defined Cartesian slope.

2. Slope in Polar Coordinates: In polar coordinates, the concept of ”slope” differs from Cartesian
coordinates. We can calculate g—é at 0 = %T”, but this does not correspond to a Cartesian slope.

3. Alternative Interpretation: Converting r = 1 + cos(6) to Cartesian form and calculating derivatives
would show a vertical tangent at 6 = %’T, indicating an undefined slope.

2.24 Deriving the Integral for Area Under a Curve in Polar Coordi-
nates

To find the area under a curve defined in polar coordinates using Riemann sums, we follow these steps:
In Cartesian coordinates, the area under a curve from x = a to x = b is given by:

/abf(x)dx

In polar coordinates, a point is represented by (7, 6), where r is the radial distance from the origin, and 6 is the
angle from the positive x-axis. To calculate the area under a curve r = f(6) between two angles 6 = o and 0 = B,
we use sectors of circles.
For a small angle d6, the area of a sector with radius r is approximately:
Lo
dA~ —r°df
2
This comes from the area formula for a sector, %rQQ, with a small change in angle d6.
To find the total area under the curve r = f(0) from 6 = « to 6 = g, we can divide the interval [«, f] into
n small subintervals, each of width AO = ba
In each subinterval [6;, 0;+1], we approximate the radius r by f(6;), where 6; is a sample point in that
interval. The area of each small sector is then approximately:

1
AA; ~ 3 f(0)°A0
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The total area A is the sum of the areas of these small sectors:

[

N | =

n—

A~ F(6,)2A0

Il
(=)

i

As we take the limit where n — co and AO — 0, this Riemann sum becomes an integral:
n-1
_ 1 240 — 1 2
A= i 330000 = [ gr0r a0

Thus, the area under the curve r = f(0) in polar coordinates from 6 = a to 6 = is:

fr
A:/a 5/(0)*do

This is the formula for the area in polar coordinates, derived using the concept of Riemann sums.

Example 2.24.1 (Example: Circle r = a)

1 27
A:—/ a’?do = na?
2 Jo

Example 2.24.2 (Two curves)

For two curves r = f(0) and r = g(0):

02 1 5 [Z2) 1 )

1 1

which simplifies to
1

02
A= [ (F0) - g(0))d0
01
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2.25 Arc Length in Polar Coordinates

The position vector in polar coordinates is given by:

7(t) = (f(0) cos O, f(6)sin 6)

The magnitude of the derivative of the position vector is:

(5] = \(/(0) cos 0 — F(0)sin0)* + (£1(0)sin 0 + F(0) cos 0)°

Simplifying, this becomes:

(0] =y (F(0))° + ((0))°

The arc length S, is then calculated as:

02 2 2
5= [ () + (f10)* o

Example 2.25.1 (Circle of Radius a)

Example: Let r(0) = a, where:
r'(0)=0, r6)=a

The arc length is:

27 27
S=/ \/a_2d9=a/ 1d6 = 2ma
0 0

2.26 Multivariate Case

The double integral over a region R:

// flx,y)dA
R
If converted to polar coordinates:

//Rf(x,y)dA://Rf(rcose,rsine)rdrd@

Example 2.26.1 (Volume under z = 9 — x? — y*:)

R={(x,y): x> +y*< 9}

In polar coordinates:
R={(r,0):0<6<2n,0<7r<3}

The function in polar coordinates:

f(r,@):9—r2

/Rf(r,@)dA=/02n/03r(9—r2)drd9

The volume is then:
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Simplified Polar Volume Calculation:

/Rf(rze)dA=/O2n/03r(9—r2)drd9

2.27 General Procedure for Polar Integration

Given a region R = {(r,0) : 61 < 6 < 02, q(0) < r < h(0)}, the volume is calculated as
h(0)

V:”//Rf(r,Q)dA:‘/sz/q(e) rf(r,0)drdo

where the area element is AA = r Ar AO.

Example 2.27.1 (Example: Region Outside r = % and Inside 7 = 1 + cos 0)

The bounds are: .
B <r<1l+cosf
21 27
-—— <0< —
3 3
Cosine conditions are determined by:
1 2n 2w
0=——, O0=——, —
cos 5 37 3

The integral for the volume is:

2n

& 1+cos 6
//Q(r, 0)dA =/ / rq(r,0)drdo
R _2n %

3
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2.28 Cylindrical Coordinate Axes

z
A
Z|
\\)
; |
S
s
/ |
/ |
l
6 |
X
Example 2.28.1 (Cylinders and Cones Example)
Cylinders:
r=1,
Cones:
z = \/57'
=57
Ranges:

e 1 is bounded by the cylinders: 1 < r < 2

e z is bounded by the cones: \/?gr <z< \/gr

e O is unbounded: 0 < 6 < 27

Volume:

(r,¢,2)
»
=2

27 2 \/gr
%4 :/ / / rdzdrd6
0 1 ?r
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(Simplify to evaluate)

2.29 Spherical Coordinate Axes

The relationships between Cartesian coordinates (x, v, z) and spherical coordinates (p, ¢, 0) are as follows:

Definition 2.29.1: Polar - Spherical Relationships

X = pcos¢cosO
Yy = pcos¢sin O
z = psin¢

Conversely, the spherical coordinates can be expressed in terms of Cartesian coordinates as:

p=Vx2+y?+2z2

¢ = tan™ S —
VX2 + y?
0 = tan™! (z)
X
The volume element in spherical coordinates is:
dV = p*sin dpdep dO

The integral of a function f(x,y, z) in spherical coordinates becomes:

//Pf(xf%ZWV = //Pf(pcoscbcos@,pcosqbsine,psin¢)p2sin¢dpd¢de

2.30 Shapes Represented in Spherical Coordinates

2.30.1 Overview of Spherical Coordinates
e Definition: Spherical coordinates (1, 8, ¢) are defined as:

— r: Radial distance from the origin.
— 6: Polar angle (angle from the positive z-axis, 0 < 0 < 7).
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— ¢: Azimuthal angle (angle in the xy-plane from the positive x-axis, 0 < ¢ < 2m).

e Conversion to Cartesian coordinates:

x=rsinfcos¢, y=rsinOsing, z=rcosO

2.30.2 Shapes in Spherical Coordinates

1. Sphere

Equation: » =R N
Description: A sphere of radius R centered at the ori-

gin.

Representation: Independent of 0 and ¢.

N
4. Cone
-1 Equation: 6 = 6,
Description: A cone with its vertex at the origin,
opening angle 260, symmetric around the z-axis.
Constraints: 7 > 0, ¢ varies from 0 to 2.
2. Half-Sphere N

Equation: r =R, 0< 0<%
Description: Upper half of a sphere centered at the
origin, constrained by the polar angle.

5. Circular Disc (in the xy-Plane)

Equation: r =R, 0 =%
Description: A circular disc of radius R centered on
the origin in the xy-plane.

1
0.5 .
EN (0 {
3. Spherical Shell —0.5| i
Equation: Ry < r < Rs -1 ‘
Description: A hollow spherical region with inner ra- 2 1

dius R; and outer radius Rs.
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6. Cylinder e ¢ = constant: A vertical plane slicing through the

Equation: 7sin 0 = a z-axis at a fixed azimuthal angle.

Description: A cylinder of radius a4 around the z-axis.
Constraints:

e 0< ¢ <2m,

e rcosO is unbounded (representing the z-
coordinate).

9. Lemniscate Shape

Equation: r = asin 0sin2¢
Description: A figure-eight or lemniscate shape in
spherical coordinates.

7. Torus (Approximation)

Equation: r = R + rgsin 6 “
Description: A torus with major radius R and minor

radius rg, approximately represented in spherical coor-

dinates.

Constraints:

e ¢ varies from 0 to 27,

e Specific parametric constraints apply.

10. Wave-like Surfaces

Equation: » = R + A cos(k9)

Description: Oscillating surface around a spherical
shell, useful in representing waves or perturbations on
a sphere.

8. Plane

Equation: 0 = constant or ¢ = constant
Description:

e O = constant: A conical plane cutting through the
origin at a fixed polar angle.

2.31 Change of Variable for Double and Triple Integrals

‘//Df(x,y)dxdy—>”//Sf(rcos@,rsin6)rdrdg
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Cylindrical Coordinates

// f(x,y,z)dxdydz—>// F(rcos 6, rsin0,2) r dr d0 dz
D S

Spherical Coordinates
// f(x,y,z)dxdydz — // f(psingcos 0, psindsin O, pcos ) p*sin p dp dp dO
D s

Theorem 2.31.1 Intuition Behind Change of Variables

We use a mapping T to transform coordinates in one space S to another R. This is particularly useful
when integrating over regions that are easier to describe in new coordinates (e.g., circular or spherical
regions).
For example:

S =10,2n] x[0,2], T(r,0)=(rcosB,rsin0)

Here, the mapping T converts a point in S into a point in R.

Area Differential Transformation

Consider a small differential area element in the original space:
dA =|det(])| du dv

where | is the Jacobian matrix, and | det(])| accounts for how the transformation scales area.

Definition 2.31.1: Jacobian Matrix

The Jacobian matrix represents the linear transformation of the mapping T at a given point:

dx  dx
-|% &
Jdu  Jdv
For a transformation T(u,v) = (g(u,v), h(u,v)), the determinant of J is:
98 9%\ 9Jdg 9h dg oh
=13 5=3, % 2 2

Geometric Interpretation
e Local Stretching/Scaling: | det(])| gives the local scaling factor of the area due to the transformation.

e Orientation: The sign of det(]) indicates whether the orientation is preserved or flipped.

Example 2.31.1 (Polar Coordinates)
For the transformation T(r, 0) = (7 cos 6, r sin 0), the Jacobian matrix is:

[ = cos -—rsin0
" |sin® rcosO
The determinant is:

cos@ —rsinf

2 . 9
. =7r(cos“ O +sin“0)=r
sin@ rcosHO ( )

det(J) =

Thus, the area differential in polar coordinates becomes:

dxdy =rdrdo
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Definition 2.31.2: General Formula for Transforming Integrals

If T:S — R is a transformation with Jacobian determinant | det(])|, then the integral transforms as:

//Rf(x'y)dx dy = //Sf(T(u,v))|det(])| du dv

Definition 2.31.3: Intuition for Higher Dimensions

In three dimensions, the Jacobian matrix extends to account for the transformation of volume elements:

dx dx Odx

u v Jdw

j=|% % &
Q a

% 92 0

Ju dv Jdw

The volume scaling factor is given by | det(])|, and the integral transforms as:

ﬂRf(x,y,z) dxdydz = .//s f(T(u,v,w))| det(])| du dv dw

2.32 Non-overlapping from Mapping T

Theorem 2.32.1 Non-overlapping Condition
For any two points Q and P:

T(Q) # T(P) (This would result in overlapping areas in the domain R)

However, boundaries (e.g., y = 2x) can overlap as long as the bounded region is distinct.

Example 2.32.1 (Integral Transformation Example)

”//R 2x(y — 2x)dA

where R is the parallelogram with vertices (0, 0), (0, 1), (2,4), (2, 3).
Steps:

Evaluate:

1. Choose a Transformation: Select a mapping T to simplify the integral.

2. Define the Mapping:
X=u, Yy=2x+v=2u+0v

Substituting:
(x,y) = (u,0)

3. Boundary Equations:

4. Region:
S =10,2]x[0,1]

5. Transform the Integrand:
f(T(x,y)) =2u(v)

94



6. Jacobian Calculation:

I:[;u ;v]:[; (1)} det()=1-1-2-0=1

2 pl
[/ 2x(y —2x)dA = / / 2uv du dov
R o Jo

2.33 Integral Transformation for a Parallelogram Region

7. Transformed Integral:
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Example 2.33.1 (Example of Transformation)

//R 2x(y —2x)dA

where R is the parallelogram defined by the vertices (0,0), (0,1), (2, 4), (2, 3).

Evaluate:

Steps:
1. Choose a Transformation: Select a transformation T that simplifies the integral.

2. Define x,y in terms of u,v:
X=u, Yy=2x+v=2u+v

Substituting:
(x,y) = (u,v)

Here, u corresponds to x, and v = y — 2x.

3. Boundary Equations:

0<x<2 = 0<ux<2
O0<y-2x<1 = 0<v<l

4. Region in u,v:
S =10,2]x0,1]

This maps the parallelogram R into a rectangle S in the u, v-plane.

5. Transform the Integrand: Substituting x = u and y — 2x = v:
f(T(x,y)) = 2u(v)

6. Jacobian Calculation: The Jacobian matrix for the transformation T is:
J= Xy Xo| |1 O
Yu Yo 2 1

det(J)=1-1-2-0=1

The determinant of | is:

7. Transformed Integral: Using the transformation and the Jacobian determinant:

2 pl
”// 2x(y —2x)dA = / / 2uv du dv
R o Jo

The transformed integral simplifies the computation significantly.

2.34 Integral Transformation for a Triangular Region

Example 2.34.1 (Example of Transformation)

J[@-wyr=aa

where R is the triangular region bounded by the lines y =0, x =2y =0, and x = y + 1.

Evaluate:
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Steps:
1. Region Definition: The region R is defined by:

y=0, x-2y=0, x=y+1

The boundaries in x and y are:

2. Define Transformation: Let:

Substituting:
X=v+4+u, y=v-u

3. Boundaries in New Coordinates: Using the transformation:

u=x-2y = 0<u<x<l
v=x-y = us<vs<l

The transformed region S is bounded by ¥ =0, v =1, and v —u = 1.

4. Jacobian Calculation: The Jacobian matrix for the transformation T(u,v) is:
_ g—ﬁ g—i (11
J=1% ou|=|2 1
du Jdv

det() = (1)() - (1)(-2) =1+2=3

The determinant of | is:

5. Transform the Integral: Using the transformation and Jacobian determinant:

1 [
ﬂ(x—u) x—deA:/ / Vu -3dudv
R o Jo
1 po 19 o 1
//Wdudvzf [—u?’/Q] dvz/ 2324y
o Jo o L3 0 0o 3

_[2.2 5/2]1=i
0

= 3757 15

‘/‘/R(x—u) x—2ydA=1i5.

Simplify:

The result is:
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Chapter 3

Vector Fields f : R" — R”

3.1 Vector Fields

A vector field is a function E that takes points in R? or R? and outputs a vector in R? or R3:

F:R" > R", I?(x,y,z) ={(q(x,y,2),w(x,y,2),tx,y,2)).

3.1.1 Properties

e Continuous if g, w, t are continuous.
o Differentiable if g, w, t are differentiable.

e Domain is the intersection of domains of q, w, t.

3.1.2 Applications

e Water and wind currents.
e Gravitational, electric, and magnetic fields.
e Human circulation, heat propagation.

e Modeling through partial differential equations.

3.1.3 Drawing a Vector Field
At each point in the domain of F , draw a vector whose:
e Direction is parallel to ﬁ(x, Y).

e Length is proportional to the magnitude of I?(x, Y).

Example 3.1.1 (E(x,y) = |<<\\1/V)>|)
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Example 3.1.2 ( l?(x,y) =(-y,x))

Vector Field F = [y, x]

3.2 Gradient Vector Fields

A gradient vector field Vo(x, y) is a vector field:

F(x, y) = Vo where ¢ is a potential function.

If @ exists, F is called a conservative field.

X2ty
-5

Example 3.2.1 (¢ = 5

F(x,y) = Vo = (-x,~y)
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Vector Field F = [y, x]
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3.3 Line Integrals

Scalar Case

For a scalar function f(x,y), the line integral over a curve C is defined as:

A= /Cf(x,y)ds

where ds = |r’(t)|dt, with r(t) being the parameterization of C.
If r(t) = (x(t), y(t)), then:
dx\? dy 2
ds =4[] + =] 4t
® (dt ) (dt )
This allows us to rewrite the line integral as:

b
/ Fx,y)ds = / £ ©)] dt
C a

Example 3.3.1 (Example: Average Temperature on a Plate)

Suppose we have a plate located in R = {(x, y) : x? + y? < 4}, where the temperature at any point (x,y)
is T(x,y) = 100(x? + y?). Find the average temperature over the boundary of R.

1. Parameterize the Boundary: The boundary C of R is a circle of radius 2, centered at the origin.
Parameterize C as:
r(t) = (2cost,2sint), 0<t<2n

Then:

It'(H)] = v(=2sint)? + (2cos t)? = 2
2. Average Temperature: The average temperature is given by:

fc T(x,y)ds

/cds

Average Temperature =

100



Compute the numerator:

21
/T(x,y)ds=/ 100 -4 -2dt = 8007
c 0

Compute the denominator (arc length of C):

2n
/ds=/ 2dt =47
C 0

800
Average Temperature = 4_71 = 200
T

Thus:

Oriented Curves

An oriented curve C includes a direction along the curve. For example, when calculating work done by a force F
along a curve, the direction matters.

Example 3.3.2 (Example: Work)
Work done by a force F(x) is given by:

W:/ubF(x)dx

For a spring with force F(x) = —kx, the work done to stretch the spring from x = a to x = b is:
’ k
W = / —kxdx =—= [b2 —az]
a 2

3.4 Vector Line Integrals
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Example 3.4.1 (Example: Earth’s Gravitational Field)
The Earth’s gravitational field exerts a force F(r) on an object, pulling it toward the origin. Suppose an
object travels along a path C. The work done by F is:

W:/F-dr
C

If F(r) = |3 Iy, parameterize C as r(f), and compute:
F(r) = —G—mr, dr =1'(t) dt
|z
Then:

b
W = / F(r(t)) - ' (¢) dt
a
If C is along the z-axis from (0,0, 1) to (0,0, 4), parameterize:

r(t) = (0,0,1), 1<t<4

4
W = / -1dt = —Gm/—
t2

e con - enf

Then:

3.5 Fundamental Theorem of Line Integrals

Theorem 3.5.1 Fundamental Theorem of Line Integrals

If F is a vector field that can be expressed as F = V¢, then given an oriented curve C from P to Q:

/CF-dr — $(0) - $(P)

Example 3.5.1 (Example)
Let ¢(x,y,z) = —G and F = V¢. Compute:

/F-dr
C

from (a,a,a) to (1,1,1):

(x,y,2) = —% A = $(1,1,1) - $(a, 2, a)
-G
¢a,a,a) = v— \F 60,11 = 2
Thus: . .
‘/CF'dr =¢(1,1,1)-¢(a,a,a) = % - (E)
G 1
Y (1 - ;)
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3.6 Vector Line Integrals and Gradient Fields

3.6.1 Vector Line Integral for a Curve C

Given a vector field F(x, y) = (P(x, y), Q(x, y)) and an oriented curve C, the vector line integral is defined as:

/F~dr=/de+Qdy
C C

dr = (dx,dy), F-dr=Pdx+Qdy.
If C is parameterized as r(t) = (x(t), y(t)), where t € [a, D], then:

where:

b , _ b dx dy
Jrae= [CReen-roa = [ |, vonts + 0w,y

Example 3.6.1 (Example: Compute a Vector Line Integral)
Let F(x, y) = (x,x2 + y) and let C be the curve defined by r(t) = (¢, t?), where t € [1, 3].
Steps:

1. Parameterize C: From the parameterization, we have:

d
x(t)=t, y(t)=1t% r’(t):(é—f,%):ﬂ,zt)

2. Evaluate F(r(t)) - r’(t): Substitute x(f) and y(t) into F(x, y):
F(r(t)) = (t,t2 + t2) = (¢, 2t%)

Then:
F(r(t))-r'(t) = t- 1+ (2t%) - (2t) = t + 4¢3

3
/F-dr:/ (t +4t3)dt
C 1
3 3 3
/(t+4t3)dt:/ tdt+/ 4¢3 dt
1 1 1
3 213
t 9
[rae[4] 3400

3 #]?
/ 4t3dt=4[z] =[81-1]=80
1

1

3. Compute the Integral:

Split the integral:

Compute each term:

—_

Thus:
/F-dr:4+80:84
c

3.6.2 Gradient Fields and Fundamental Theorem of Line Integrals

If F is a gradient field, meaning F = V¢, then the line integral over a curve C depends only on the endpoints of
C. Specifically:

JRRCEUE

where A and B are the start and end points of C.
Intuition:
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e The integral fC F - dr represents the difference in potential between the endpoints of C.
e The path taken does not matter; only the values of ¢ at A and B are relevant.

Example 3.6.2 (Example: Gradient Field Integral)
Let F = V¢, where ¢(x,y) = x* + xy. Compute:

/F-dr
C

where C is any curve starting at A = (1,2) and ending at B = (3,4).
Solution:

1. Compute ¢(A) and ¢(B):
HA) =1)*+(1)2)=1+2=3

dB)=3)2+(3)4)=9+12=21

2. Apply the Fundamental Theorem:

/F-dr=¢(B)—¢(A)=21—3:18
C

3.7 Gradient Vector Fields and Closed Curves

3.7.1 Definition of a Closed Curve

A curve C is said to be closed if its start and end points are the same, i.e., A = B.
For a closed curve C, the following property holds:

/F -dr =0 if F is a gradient vector field.
C

If F = V¢, then:
‘/CF~dr=qb(A)—¢(A)=0.

This implies that the line integral of a gradient field over a closed curve is always zero.

3.7.2 How to Identify a Gradient Vector Field
To determine whether a vector field F = (P(x, y), Q(x, y)) is a gradient field:

e F must be defined on a region R that is connected and simply connected (no holes in R).

e P(x,y) and Q(x,y) must satisfy the condition:

P _9Q

dy  ox’

Theorem: If F satisfies the above conditions, then F is a gradient vector field, and there exists a scalar
function ¢(x, y) such that F = V¢.

3.7.3 Finding the Potential Function ¢(x, y)
To find ¢(x, y), follow these steps:

1. Check if F satisfies 92 = 22.

104



2. Assume ¢(x, y) exists and satisfies:

0 d
£ = P(x/y)/ % = Q(x/]/).

3. Integrate P(x,y) with respect to x to find a partial expression for ¢(x, y):

P(x,y) = / P(x, y)dx + h(y),

where h(y) is an arbitrary function of y.

4. Differentiate the result with respect to y, and equate it to Q(x, y) to find h'(y):

0 0
£ = @ [/ P(x,y)dx + h(y)] =Q(x,y).
Solve for h(y).

5. Substitute h(y) back into ¢(x, y) to obtain the full potential function.

Example 3.7.1 (Example: Finding the Potential Function)

Given F = (2xy, x% + 2y), determine if F is a gradient field and, if so, find ¢(x, y).
Step 1: Check the Condition.

P d B dQ d B
ErileT (2xy) = 2x, % = o (x* +2y) = 2x.
Since —gl; = —%8, F is a gradient field.

Step 2: Integrate P(x,y) with Respect to x.

o(x,y) = / P(x,y)dx = / 2xy dx = x2y + h(y),

where h(y) is an arbitrary function of y.
Step 3: Differentiate with Respect to y.

S 2 () =274 ).
Step 4: Equate to Q(x, y).
X+ (y)=x*+2y = h(y)=2y.
Step 5: Solve for (y).
h(y) = / 2ydy =y* +C.
Step 6: Write the Final Potential Function.

o(x,y) =x*y +y*+C.

3.8 Non-Gradient Vector Fields and Green’s Theorem

3.8.1 Non-Gradient Vector Fields
For a vector field F = (P(x, y), Q(x, y)), if:

dy ~ ox’
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then F is not a gradient vector field.
To measure the rotation of F, we compute the curl of F, defined as:

aQ oP
By ’

The curl describes the tendency of F to "rotate” around a point.

curl(F) =

Example 3.8.1 (Example: Interpreting the Curl)
Suppose F(x, y) represents the velocity of a fluid. If:

20 _ow
dx = dy

then curl(F) > 0, indicating counterclockwise rotation of the fluid flow. Conversely, if:
Q _ow

dx  dy

then curl(F) < 0, indicating clockwise rotation of the fluid flow.
Consider a case where Q, = 1 and P, = 0. This means curl(F) = 1, indicating counterclockwise rotation.

3.8.2 Green’s Theorem

Green’s Theorem provides a relationship between a line integral over a closed curve C and a double integral over
the region R enclosed by C.

Theorem: Let C be a positively oriented, simple, closed curve enclosing a region R. If F = (P, Q) is a
continuously differentiable vector field, then:

/Fﬁ—/PW+Q@ ﬁX%L@%dA

Intuition: Green’s Theorem states that the circulation of F along the boundary C equals the sum of the
curl of F over the area R. It connects the local rotation of F (through curl) to its global behavior along the curve

C.

Example 3.8.2 (Example: Application of Green’s Theorem)
Let F = (-3y,3x), and let R be the triangle with vertices (0,0), (1,0),(0,2), oriented counterclockwise.

Compute /C F - dr using Green’s Theorem.
Solution:

1. Compute the Curl of F:
8Q B_P

curl(F) = 3y

—(-3) = 6.

2. Set up the Double Integral over R: The region R is the triangle with vertices (0, 0), (1,0), (0, 2). Its
boundaries can be described by:

0<x<1, 0<y<2-2x

[ | cnwraa= [ oaa
//R6dA=/01/02_2x6dydx.
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First, integrate with respect to y:

2-2x
/ 6dy = 6y
0

Now integrate with respect to x:

2-2x
=6(2 — 2x).
0

1 1
/ 6(2 — 2x) dx = / (12 - 12x) dx = [12x - 6x%] .
0 0

Evaluate:
[12(1) - 6(1)%] - [12(0) - 6(0)*] =12 -6 =6.

/F~dr:6.
C

4. Final Answer:

3.9 Line Integrals and Area

Area Using Line Integrals
For a vector field F = (—y, x), the curl is given by:

Q _ 9P _

9x oy

curl(F) =

If C is a closed curve oriented counterclockwise, enclosing a region R, the area of R can be computed using the

following line integrals:
Area(R) = // 1dA = /F -dr.
R C

The parametrized curve C is expressed as r(t) = (x(f), y(f)), with:

F-dr=Pdx+Qdy.

Alternative Formulas for Area

Using line integrals:

Area(R)=/xdy:—/ydx=lf(xdy—ydx).
c c 2Jc

These expressions are equivalent and depend on how C is parameterized.

Example 3.9.1 (Example: Area of an Ellipse)

Consider an ellipse parameterized by:
r(t) = (acost,bsint), te€][0,2mn].

Here, a and b are the semi-major and semi-minor axes, respectively.
Steps:

1. Compute x dy:
X =acost, dy= %(bsint)dt =bcostdt.

Thus:
xdy =acost-bcostdt =abcos?tdt.
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2. Compute y dx:
y="bsint, dx= %(a cost)dt = —asint dt.

Thus:
ydx =bsint - (-asint)dt = —absin® t dt.

3. Compute x dy — y dx:

xdy —ydx = abcos® t dt — (—absin®t dt) = ab(cos® t +sin? t) dt = ab dt.
4. Compute the Line Integral:

1 27 1 27 1
Area(R) = —/ abdt = —ab/ 1dt = —ab - 2n = mab.
2 J 27 J, 2
Conclusion: The area of the ellipse is:
Area(R) = mab,

where a and b are the semi-major and semi-minor axes.

Summary

The area of a region R enclosed by a curve C can be computed using line integrals in multiple equivalent ways:
e Directly using fC F - dr, where F = (-y, x).
e Using /dey or —/Cydx.

e Using the symmetric formula:

Area(R) = % ‘/C(x dy — y dx).

3.10 Flux of a Vector Field

Definition of Flux

Flux represents the flow of a vector field F = (f, ¢) across an oriented curve C. It measures how much of F passes

through C in the normal direction.
The flux of F across C is defined as:

Flux :/F-nds,
C

where:
e n is the unit normal vector to the curve C.
e ds is the arc length differential.
For a parameterized curve r(t) = (x(t), y(t)), where t € [a, ], the unit normal vector is given by:

1

n = m(—y’(f), x'(1)).

Thus: )
n= IZ0] [f(x(f)/]/(f))(—y’(t)) + g(x(t),y(t))x’(t)] )
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Flux in Simplified Form

If the curve C is parameterized, the flux integral can be simplified as:

b
/C Fonds = / LF(6), y(0)/(6) — ge(t), y()'(1)] dit.

/F-nds=/fdy—gdx.
c C

Green’s Theorem Applied to Flux

Or equivalently:

By applying Green’s Theorem, the flux of F = (f, ) across C can also be related to a double integral over the

region R enclosed by C:
/F ‘nds = //div(F) dA,
C R

of 9
div(F) = % + %.

This shows that the flux across the boundary C is equal to the total divergence of F inside R.

where:

Example 3.10.1 (Example: Flux Around a Circle)
Let F(x, y) = (x,y), and let C be the circle x? + y? = 1 parameterized by:

r(t) = (cost,sint), te[0,2m].
Step 1: Parameterize the Flux Integral. The unit normal vector to C is given by:
n = (—sint,cost),
and F(r(t)) = (cost,sint). Then:
F-n=cost(—sint) +sint(cost) = 0.

Step 2: Apply Green’s Theorem. Using Green’s Theorem:

/F-nds :/div(F)dA.
C R

d
div(F):g—i+£:1+1:2.

The divergence of F = (x, y) is:

The area of the circle is:
Area(R)=m-1% = m.

/F‘nds=/2dA=2‘n=2n.
C R

Final Answer: The flux across the circle is:

Thus:

Flux = 2m.
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